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Abstract—We study the problem of binary sequential hypothesis
testing using multiple sensors with associated observation costs. An
off-line randomized sensor selection strategy, in which a sensor is
chosen at every time step with a given probability, is considered.
The objective of this work is to find a sequential detection rule
and a sensor selection probability vector such that the expected
total observation cost is minimized subject to constraints on relia-
bility and sensor usage. First, the sequential probability ratio test
is shown to be the optimal sequential detection rule in this frame-
work as well. Efficient algorithms for obtaining the optimal sensor
selection probability vector are then derived. In particular, a spe-
cial class of problems in which the algorithm has complexity that
is linear in the number of sensors is identified. An upper bound
for the average sensor usage to estimate the error incurred due to
Wald’s approximations is also presented. This bound can be used
to set a safety margin for guaranteed satisfaction of the constraints
on the sensor usage.

Index Terms—Hypothesis testing, sensor scheduling, sensor
selection, sequential detection, sequential probability ratio test,
SPRT.

[. INTRODUCTION

HE design and implementation of hypothesis testing

procedures have significantly evolved with the ad-
vancements in communication and computation technologies.
Hypothesis testing typically involves collecting and processing
multiple measurements in order to decide one among many
possible hypotheses. In particular, sequential hypothesis tests
are of great interest since they do not impose the constraint of
collecting a pre-specified number of measurements and allow
the flexibility of stopping the test when the measurements are
informative enough to guarantee the desired probability of
decision error. Hence, they offer a trade-off between the accu-
racy of the decision and the cost of taking more observations.
A well known example of this class of tests is the Sequential
Probability Ratio Test (SPRT) developed by Wald [3] for binary
hypothesis testing. SPRT is optimal in the sense that for a given
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performance specification in terms of the error probabilities,
it requires, on average, the minimum number of observations
among all possible sequential tests.

In this paper, we focus on the problem of sensor scheduling
for sequential binary hypothesis testing with multiple sensors,
when each sensor has a usage constraint and an associated ob-
servation cost. Without loss of generality, we assume that only
one sensor can be used at every time step. The goal is to obtain
a sensor selection schedule that minimizes the expected total
observation cost while satisfying constraints on the usage fre-
quency for every sensor as well as on the reliability of the re-
sulting decision.

While sensor scheduling is a well studied problem in the
context of linear estimation (see, e.g., [7]-[9] and the refer-
ences therein) and of fixed-sample-size hypothesis testing (see,
e.g., [10]-[12] and references therein), it has received relatively
lesser attention for sequential hypothesis testing, especially if
constraints on the usage of sensors are imposed. Sensor usage
constraints arise naturally in scenarios where the sensors have
limited resources for taking measurements. For example, in a
cooperative spectrum sensing application (see e.g., [4]-[6]), one
among many mobile devices is chosen to transmit its measure-
ments to the base station which acts as a fusion center that wants
to detect whether the spectrum is free or occupied. This problem
fits into our framework with the limitations on the battery life
of sensors being incorporated as sensor usage constraints. We
focus on “off-line” sensor selection strategies, in which the rules
for choosing which sensor to use at any time step are inde-
pendent of the previous observations [7], [10], [18]. Although
“on-line” or adaptive strategies [13]-[17] may perform better,
such strategies usually require smart sensors and/or communi-
cation from the fusion center to the sensors. Moreover, the anal-
ysis of these on-line strategies seems to be not trivial for the
case when the sensor usage constraints are imposed. Following
works such as [7], [16]-[18], we propose stochastic sensor se-
lection strategies. In particular, we assume that every sensor has
a given probability of being selected in an independent and iden-
tically distributed (i.i.d.) manner at every time step, and the so-
lution aims to optimize the observation cost with respect to the
sequential decision rule and sensor selection probability vector.

A notable work on sequential detection with off-line sensor
selection is [ 18], in which the authors invoke the multi-hypoth-
esis SPRT and aim at minimizing the average decision time.
However, several issues remain to be explored. First, the re-
sults in [18] are valid only under the assumption that the ex-
pected number of measurements is asymptotically large. More-
over, [18] concludes that the optimal sensor selection scheme
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uses only (at most) two sensors for binary hypothesis testing.
Together, these facts imply that the results of [ 18] cannot readily
include the sensor usage constraints. Second, the work in [18]
assumes that the multi-hypothesis SPRT proposed in [19] is per-
formed; however, the optimality of such a test with multiple
sensors is not discussed. Third, [18] formulates the problem as
sum-of-ratios linear fractional programing (LFP) over a prob-
ability simplex and exploits the properties of such a problem.
However, in the presence of constraints on sensor usage, this
class of programming problems is NP-complete [20], in gen-
eral.

The main contributions of the paper are now summarized:

e We formally establish the optimality of SPRT among the
class of sequential tests with multiple sensors and sensor
usage constraints. This optimality holds without requiring
that the number of observations be asymptotically large.

* For a wide class of problems, we derive an algorithm to
compute the optimal sensor selection probability vector
that satisfies the sensor usage constraints. The algorithm
is computationally efficient with complexity only linear
in the number of sensors. For the general problem, we
propose a sub-optimal algorithm with computational com-
plexity quadratic in the number of sensors. Numerical re-
sults show that the optimal solution is only marginally
better than our proposed sub-optimal solution.

* We characterize the maximum deviation that may possibly
result in the average number of measurements due to the
use of standard Wald’s approximations in the development
of SPRT. Using this characterization, we provide a method
that ensures that the sensor usage constraints are satisfied
with a safety margin.

The paper is organized as follows. In Section II, we formu-
late the problem. Section III proves the optimality of SPRT
with multiple sensors in the presence of reliability and sensor
usage constraints. In Section IV-A, we prove some useful
properties of the optimal sensor selection probability vector
that allow us to compute it in an efficient manner. We propose
two computationally efficient algorithms for this purpose in
Sections IV-B and IV-C. In Section V, we analyze the error
introduced in the constraint on the average sensor usage due
to Wald’s approximations and provide a method to ensure
that these constraints are satisfied with a safety margin. In
Section VI, we demonstrate the proposed algorithms with
numerical examples. Section VII concludes the paper.

Notation: The sets of natural numbers, real numbers, and
n-tuples of real numbers are denoted by N, R, R™, respectively.
Vectors are denoted by bold case, e.g. g. The notation g7 de-
notes the transpose of the vector 4. An n-tuple vector g € R™
is denoted by ¢ = [q1,92," -, qn]T, and the notation ¢ > 0
means that the inequality holds for every component of q. We
define the probability simplex in R™ A,, 1 tobe A, 3 2 {pe
R™ : Z?zl p; = 1,p > 0}. Random variables are denoted by
uppercase letters (e.g. X') and their realizations are denoted by
lowercase letters (e.g. ). We let X! = {X,};_; fori < j de-
note a sequence of random variables and 27 = {x4}?_, denote
its realization. For conciseness, let E[-|2] denote the conditional
expectation given X = z. Further, we denote the conditional
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For sensor &,

Probability of being selected: p,

Cost per sensor usage: 1,

Constraint on sensor usage : E[N,]<#7,

Given {S; =k},
(i.e., sensor k is selected at time j)

Fusion
Center

Hy: X, ~ f

Sensor 1 H:X, Nfi(k)

Sensor K
Sensor k

Fig. 1. An illustration of the sensor network.

probability P(-|H;) and the conditional expectation E[-| H;] by
P;(-) and E;[], respectively.

II. PROBLEM FORMULATION

Consider a binary hypothesis testing problem in which the
objective is to determine which one of the two hypotheses
{Hy, H1} is closer (in terms of better representing the data)
to the true state of nature. We assume that the a priori prob-
abilities of Hy and H; are 1 — m; and my, respectively, with
0 < m < 1. Let K € N be the total number of sensors
available in the sensor network. At each time step, a single
sensor is chosen according to a constant probability vector
p=[p1,p2, ,pK|T € Ax _1, where py, is the probability of
selecting sensor k at any time step. Further, we assume that the
sensors are chosen independently at every time step. Denote the
random variable that indicates the sensor selected at time step
j by S;. S; takes value from the set S 2 {1,2,---, K} for all
J € N with the event {S; = s, } representing that the sensor s;
is selected at time j. Hence, S7° is an i.i.d. random sequence.
As shown in Fig. 1, at each time step, an observation is taken
by the selected sensor and transmitted to a fusion center. Let
X1¥ = {X;}52, denote the random observation sequence
collected by the fusion center from time j = 1,---,0cc. The
observations taken by different sensors at any time instant are
assumed to be conditionally independent given either hypoth-
esis. Let fl-(k) (x;) denote the probability density function (pdf)
of X; if H; is true and sensor k is selected where i € {0,1}
and & € S§. We assume that 0 < D(fék)Hfl(k)) < o0 and
0 < D(1£”) < 00, ¥k € S where D(fllg) £ [ flog !
is the Kullback-Leibler divergence [21] (KLD) between two
pdf’s f and g.

Suppose that a sequential detection scheme is implemented at
the fusion center. We follow the standard notation in the sequen-
tial detection literature (see, e.g., [22]) to define a sequential test.
A sequential detection rule (¢, §) consists of two elements: the
stopping rule ¢ and the terminal decision rule §. At each time
J, the stopping rule ¢ decides whether we should stop or take
more observations given the values of zJ and s?. Therefore, we
can define the stopping time N where the event {N = n} in-
dicates that the test is terminated at time n. Note that NV is a
random variable since the stopping time is a function of the ob-
servations and selected sensors. Moreover, the event { N = n}
depends on { XJ* = 27} and {57 = 57}, while it is independent
of both { X5, = ;% } and {55, = 555, }. When the test
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is stopped, a decision between Hy and H; is made by using the
terminal decision rule ¢, as a function of the available observa-
tions and the sensors used till the stopping time. The reliability
of the sequential detection rule (¢, §) is defined in terms of the
conditional decision error probabilities, namely,

a;(p,0,p) = 1 — P;(DecideH;at timeN), i€ {0,1},
where N is the stopping time. We set constraints on reliability
of the form ay(p,d,p) < ap and ay(y,d,p) < &, where
0 < apg < 0.5and 0 < &; < 0.5. If clear from context, we
will suppress the dependence of «; on (¢, 4, p) in the sequel.

A classical example of sequential detection is Wald’s Sequen-
tial Probability Ratio Test (SPRT) [3]. For the case of multiple
sensors with off-line sensor selection, an SPRT(a,b), where
a,b € R are the two thresholds satisfying « < 0 < b, is de-
fined by the following sequential detection rule (¢, ),

>

. { Continue the test at time j, ifa<L (1’{, sjl) < b,

' Stop the test at time j,

. {DecideHOatN =n,
DecideH atN = n,

otherwise.
if L {27,s?) <a,
if L{z7,s7) >0,

>

where L(L{, s7) is the log-likelihood ratio based on observa-
tions @] and sensors s} defined as

i d\ A ! 1(91)( 'l)
L (;vl, sl) = Zlo PRI 1)
=R @)
In the single sensor case (K = 1), the Wald-Wolfowitz in-
equality [3], [23] proves the optimality of SPRT in the sense
that, for appropriately designed thresholds (a,b), the test
SPRT(a, b) minimizes both Eg[N] and E;[N] subject to the
reliability constraints oy < &g and oy < &;. However, it is not
clear if the optimality holds for the case of multiple sensors. We
will show that the optimality indeed holds even when multiple
sensors are present.

We now introduce the constraints on sensor usage. Let N be
the number of t1mes the sensor % is used up to the stopping time
N. Thus, N = Z x—1 Vi In practice, there might be battery
related or fairness constraints on how often a sensor should be
used. Since the stopping time in a sequential test is not bounded
deterministically, we consider probabilistic sensor usage con-
straints of the form E[Ny| < 7y, iy > 0, Vk € S. Note that
an alternative way to represent E[N}] is as follows. Define for
each k € &, the random sequence {15 (S;)}52,, where 1, is
the indicator function such that 1;(s;) = 1if s; = k and
14(s;) = 0 otherwise. Since S{* is an i.i.d. random sequence,
so is {1x(S;)}52,. We may use Lemma 2 (see Appendix A)
and write the usage for sensor k& for any sequential detection
rule with the sensor selection probability vector p as

| S

(S]:k) (V]

E [11(5;)] E[N]

— pLE[N]. )

Hence, the sensor usage constraints can be written as pxE[N] <
ny forallk € S.
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The classical sequential detection formulation aims at mini-
mizing the expected number of observations. With multiple sen-
sors, we introduce a more general objective. We assume that
using the sensor k to generate an observation incurs a cost mj, €
R where my, > 0. Let CF° = {C;}32; denote the random ob-
servation cost sequence. The random variable C; takes value
from the set {m1,ma,---,mg} with P(C; = my) = py, for
all j € N and k£ € S. Note that C7° is an i.i.d. random se-
quence which is independent of the true hypothesis. By defining
the vector m = [my,ma,---,mg|T, we can write the mean
observation cost as E[C;] = mTp. Therefore, we can write
the expected total observation cost as the expectation of the cu-
mulative observation cost up to the stopping time N, namely,
[E[Z;V:l C;]. The main objective of this paper is to obtain the
triplet (¢, ,p) that minimizes the expected total observation
cost while satisfying the constraints on reliability and sensor
usage, i.e.,

N
B | 2
subject to a;(p, 8, p) < &;, Vi€ {0,1},
E[N:] < Ay, VkeS,
peAk_q, 3

where {&g, 1,71, -+, Bk ; are all given constants. We solve
this problem in two steps. In Section III, we show that the op-
timal sequential detection rule for any p is an SPRT. Then, in
Section IV, we characterize the optimal p.

III. OPTIMAL SEQUENTIAL TEST

Intuitively, SPRT should be the optimal sequential decision
rule in problem (3) since the observations are conditionally i.i.d.
given any realization of the sensor selection sequence S7° and
since the sensors are also selected in an i.i.d. fashion. In this
section, we show that this intuition is indeed correct. We first
prove that SPRT is the optimal sequential test for the problem
specified in (3) but without the sensor usage constraints. Then,
we use this result to prove the optimality of SPRT even in the
presence of the sensor usage constraints.

The following result provides the generalization of the clas-
sical Wald-Wolfowitz inequality [3], [23] that formalizes the op-
timality of the SPRT without the sensor usage constraints.

Theorem 1 (Optimality of SPRT Without Sensor Usage
Constraints): For any probability vector p € Agx_;, let
(¢,8) denote the SPRT(a,b) and (g, ) be any other sequen-
tial detection rule such that ag(p,8,p) < ay(3,d,p) and
al(‘ﬁa 5,10) < O‘/l(@? Svp) Then, we have [El[zyzl Oj‘@ap] >
Ei[>0, Cjle,pl forall i € {0.1}.

Proof: At every time j, the information obtained by
the fusion center is the stochastic pair (S;, X,). Note that
{085, X;)}32, is an iid. sequence of random pairs when
either hypothe51s is given. Thus, the log-likelihood ratio for the
observation pair {(s;,2;)}/_; is given by

logl_LJ 1Ps1f1 Zlog 1
Hz 1Ps; fo z i=1

z

z)
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But this is identical to the expression in (1). Thus, with a given
sensor selection probability vector p, the sequential test with
multiple sensors coincides with the problem framework of clas-
sical sequential hypothesis tests. The classical Wald-Wolfowitz
inequality [3], [23] can thus be used to obtain the expression
E;[N|g,p] > E;[N|¢,p] forall ¢ € {0,1}. Now note that CT°
is a conditionally i.i.d. random sequence. Using Wald’s identity
(see Appendix A) yields

N
> Cjlg.p| =E[Cy|pEi[N]g, p)

= (m"p)Ei[N|p, p]. )
Since mT'p is irrespective of any stopping rule, the result fol-
lows immediately. [ |

Theorem 1 implies that the optimal stopping rule and terminal
decision rule in problem (3) are given by an SPRT(a, b) with
the thresholds a and b chosen such that the resulting reliabilities
a; (g, 8, p) equal the constraints &;, Vi € {0,1}. Thus, in the se-
quel, we suppress the dependence of the reliabilities «; (¢, 4, p)
on ¢ and J and simply write «;(p). As in the classical case,
closed form expressions of @ and b for reaching &; seem not to
be tractable and we resort to Wald’s approximations [3] (suit-
ably generalized for multiple sensors) to set these thresholds.
Denote by Q7 the event that the test is terminated at step n

and H is accepted given that ST = s7; thus Qsp = {;vl :
= n,L(27,s7) < a}. Since (Q,1,Q,2,---) is a sequence of
disjoint events, we can write

:Pl( (XlNaS{V) )

-y Sk

n=1spcsn

ai(p)

(S7 =s1) Py (XT € Qsp Is7)

-2 % ot [ [T e
Z it T

( (Xl 7S{V) S a’)
(* o(p)) -

A similar argument yields a(p) <
have the inequalities

a1(p) 1 - ou(p)
1—ao(p) ao(p)
As for classical SPRT, we assume that these inequalities hold

with equality to obtain the thresholds @ and b in terms of the
desired conditional error probabilities. Thus, we set

e ?(1 — a;(p)). Thus, we

a > log and b <log (5

1-a

a = log 1 i!la‘o and b= log %

(6)

We now proceed to prove the optimality of SPRT in the pres-
ence of sensor usage constraints.

Theorem 2 (Optimality of SPRT With Sensor Usage Con-
straints): Assume that the optimization problem defined in (3)
is feasible. Then, the optimal solution is the triplet (3, 8, p) that
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yields the reliabilities ag, &1, where (529,3) is an SPRT(a, b),
and p is an appropriately chosen probability vector.

Proof: We prove the theorem by contradiction. Assume
that the triplet (¢, 8, p) is optimal in (3), in which the sequential
detection rule (¢, d) is not an SPRT.

First note that (g, 5, p) is a feasible solution. The re-
liability constraints are satisfied by assumption. Since
(p,0,p) is feasible, from Theorem 1 and (2), we obtain
E[Nkl¢’7p} = pME[]\W(ﬁ,p] SAkaE[‘N|SD7p}: E[Nk|<p7p] < g
for all k € 8. Therefore, (2, 4, p) is feasible.

Now, for any tests that satisfy aig (0, 8, p) < ag = (@, 5,1))
and a1{p,d,p) < a; = ai(g, S,p), Theorem 1 yields
E[> ;=1 Cile.pl = E| ;V:I ’;1¢,p). This contradicts the
assumption that (¢, d,p) is optimal. Hence, our assumption
must be wrong and the theorem follows. ]

Remarks 1: It is worth noting that the proofs of Theorems
1 and 2 formalize the intuition that the optimal solution corre-
sponds to SPRT since both the sensor selection process and the
observations are conditionally i.i.d. Thus, for any given realiza-
tion of the sensor selection sequence 57 (i.e. for any given p),
the optimal solution corresponds to SPRT, provided that p sat-
isfies the constraints of the problem. If, for instance, the sensor
selection process has memory or if the observations are not con-
ditionally i.i.d., such optimality will not hold in general.

Theorem 2 shows that SPRT remains the optimal sequen-
tial decision rule even with multiple sensors with constraints
on the usage of sensors. Consequently, the decision variables in
(3) are reduced to (a, b, p) where a and b are the thresholds of
SPRT{a, b). Notice that {a, b) can be approximately solved for
by using (6). Further, these approximations do not impact the
choice of the sensor selection probability vector p or the sensor
usage constraints. Hence, the problem (3) reduces to the design
of the vector p. This problem is considered in the next section.

IV. OPTIMAL SENSOR SELECTION PROBABILITY VECTOR

We now derive the optimal sensor selection probability vector
p, given that the sequential decision rule has been adopted to
be an SPRT with thresholds chosen in the manner outlined in
(6). We first formulate the sensor selection problem with sensor
usage constraints as a sum-of-ratios Linear Fractional Program-
ming (LFP) problem. Then we present computationally efficient
algorithms to solve the problem.

A. Simplification of the Optimization Problem

We begin by reformulating the optimization problem by using
the specific structure of the probability vector in our problem.
First, we approximate E[N] following the arguments used by
Wald in [3] for classical SPRT. Specifically, we use the approx-
imation

1—m)D D
ey & LoD | mDy (7)

*dop dip
where Dy = (1 — @ap)a + agb, D1 = ara + (1 — aq)b,
d; = [d", -, d")T vi e (0,13, 45 = D(£P ) ) and
4" = D(F®) £9). Note that Dy < 0, Dy > 0,dy > 0 and

d; > 0. A detailed derivation of (7) is provided in Ap Eendlx A.
Using (7) and the identity E[Ny] = prE[N]and E[} ", Cj] =
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(mTp)E[N] as noted in (2) and (4), the problem in (3) is refor-

mulated as
1-— D D
min (mTp) X ( W%) 0 4 WIT !
PEAK 1 —do P dl p
1-— D D
subject to py <( 72{) 0 7T1T 1> <fg, YEeS. (8)
—dyp dip

This optimization problem is a sum-of-ratios LFP [24], which
is known to be, in general, computationally hard to solve. How-
ever, in our case, we can further simplify the problem.

Remark 2: We would like to emphasize that the optimization
problem in (8) is an relaxation of our original problem (3) that
is obtained using Wald’s approximations. Thus, the solution of
problem (8) may not be the optimal solution for (3). Neverthe-
less, Wald’s approximations are used frequently in sequential
detection literature since they are reasonably accurate for small
error probabilities and make the implementation SPRT practi-
cally feasible.

Define the weighted Kullback-Leibler divergence of sensor k
when Hj is true as

and when H; is true as

k
4

(k) A
7T1D1mk '

€
Denote e; = [e,gl),---,el(-K)]T > 0,4 € {0,1}. Further, de-
fine two sensors j and k to be equivalent, if they have the same
weighted KLD, i.e., 66]) = eék) and egj) = egk). Let g, =
Eprpmy, where £ is the normalization factor such thatg € Ag 1.
Simple algebraic manipulation then yields the equivalence be-
tween the optimization problem (8) and the following sum-of-
ratios LFP with a constant numerator objective function,

1 1
min — + =
PN { elq efq }

subject to Cgp—k + qT—k < fgpmg, Yked.
€ 14

(€))

For ease of notation, we define the following quantities to
represent the objective function and the constraints in (9):

Al 1 Ak a A
9@) = =+ 7=, (@) = =+ 5=, Ay = Apmy.
elq elq elq efq *

We may further reduce the number of decision variables in the
optimization problem (9) if the condition in Lemma 1 is satis-
fied.

Lemma 1: Consider the problem (9) with the additional as-
sumption that j sensors are equivalent. The optimal solution can
then be found by solving an optimization problem of the same
form as (9) but with K — j 4 1 variables.

Proof: See Appendix B. [ |

From now on we consider the problem (9) and assume that
the simplification in Lemma 1 has already been carried out. In
other words, we assume that no two sensors are equivalent in
the sense defined above.
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B. A Special Case: Orderable Sensors

We first consider a special case in which an algorithm to
solve (9) can be obtained that has complexity only linear in the
number of sensors. This case is a generalization of the case of
symmetric sensors that we presented in [1].

Specifically, in this section, we focus on the case when the
sensors are orderable in the sense that we can order the indices
of sensors such that

2)

e > ¢ (K)

> > and e§1)ze§2)z~--ze§’<).
(10)
Several hypothesis testing problems satisfy this assumption. We
present two such examples.
Example 1: (Amplitude Detection): Consider the problem of
detecting the presence of a constant signal embedded in addi-
tive white Gaussian noise. This is a classical binary hypothesis

testing problem of deciding between the two hypotheses:
Hy: fék) :N(0,0'i) vs.Hy : fk) :N(urk,ai),

where N (11, 0?) denotes the Gaussian pdf with mean y and vari-
B N 2
ance ¢2. In this case, dgk) = d((]l”) = %; Clearly, for i, j € S,
el > ) ifand only if el > el
Example 2: (Energy Detection). Consider the problem of en-
ergy detection with uniform observation costs. Let

Hy : ék) =N (0,0}) vs.H; : 1(k) =N (0,0} +v}),

andm = [1,1,---,1]T. We obtain d((]k) = L(log(l + w) —

3 k v .
T1%-) and d§ ) = > (v — log(1 + ) where v, = é Since

d((]k) and dgk) are both strictly increasing functions of y; on
4, > 0, the sensors are orderable. Notice that this case is not
symmetric as defined in [1].

We now develop an algorithm to solve (9) for the case when
the sensors are orderable. The algorithm is based on the heuristic
that to minimize the objective function in (9), we should select
the sensors with “larger” weighted KLD with probability as high
as possible, while satisfying the sensor usage constraints. We in-
troduce the following terms. We say that a sensor is active if it is
selected with probability greater than zero, and a sensor k is fully
used if its sensor usage constraint is reached, i.e., E[ N3] = 7ig.
This heuristic can be justified by using the following theorem.

Theorem 3: Assume that (10) is satisfied and no two sensors
are equivalent. A probability vector g* € Ax_; is the optimal
solution to the sum-of-ratios LFP in (9) if and only if all the
following conditions are satisfied.

1) ¢* is feasible.

2) ¢ =lgi,---,4;,0,---,0/7 € Ag_y where k € S and
hi(q*) = 7} holds forall j € {1,---,k — 1}.

3) There exists no ¢ < k such that a feasible ¢ =
(g1, -, 4i,0,---,0]7 € Ag_y and hj(q) = n’; holds for
allj € {1,---,i—1}.

Proof: See Appendix C. [ |

Theorem 3 implies that a greedy algorithm to solve the sum-
of-ratios LFP in (9) will result in the optimal solution. We seek
a feasible ¢ and the smallest set of active sensors such that all
the sensors in the set are fully used, except for the sensor with
the least weighted KLD among all sensors in the set. The greedy
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algorithm for solving (9) can be conceptually described by the
pseudocode in Algorithm 1.!

Algorithm 1: To Find the Optimal ¢ for the Orderable Case

1: Order the indices of the sensors such that (10) is satisfied;
2:q « [1,0,---,0]T;
3:if ¢ € C then
4: return q;
5: else
fork =2 — K do

6:

7 Solve ¢ + [q1,-**,qx,0,---,0]7 from the k equations:
hi(g) =7, V5 € {1, k— 1}, and YF_ q; = 1

8
9

: if ¢ € C then
: returng;

10: end if

11:  end for

12: end if

While Algorithm 1 is efficient in the number of iterations, it
still requires the solution of a k& x &k system of equations at each
iteration £ in the “for” loop. We can further reduce the compu-
tational complexity of the algorithm to O(K) by implementing
Algorithm 2 which is derived as follows. At the k-th iteration of
Algorithm 1, notice that the first k. — 1 sensors are fully used, i.e.,
hj(q) = n} forall j € {1,2,---,k — 1}. These equality con-
straints yield g, Zf;ll n; =7} Zf;ll g; forallj € {1,2,---k
—1}. Letting p = =25 > We can sum up all the equality con-

L
straints for the fully used sensors and obtain

. k-1 k—1
W=t 0
Zj:160 4; Zj:l €1 °4;
E-1 _ E-1 _
Zj:l nly erl n;

k k-1 _ k k-1 _
€+ e((J )P Ej:l n; e+ 6(1 )ijzl i

k-1
—1
= Z N
j=1

j=1

(11)

where ¢; = Z;:ll ﬁ}e.gj), i € {0,1}. Using (11), p can be

solved from the quadratic equation

1 1

:1‘
k k-1 _
eoJreg )p > =1 ng

(12)

e +e oyt tal
In general, the quadratic (12) has two roots. That the roots must
be of opposite signs can be seen from that the fact that if we set
p = 0, then (¢y)~* + (e1)~! > 1 since the algorithm is not
terminated at the previous iteration. We pick the positive root
as the solution for p, since, by definition, p is non-negative. To
determine the feasibility, we note that since ¢ € Ag_; and p
is solved based on the fact that the first & — 1 sensors are fully

!In the algorithm, the feasible region of (9) is denoted by C.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 63, NO. 14, JULY 15, 2015

used, the only thing we have to check is whether the condition
hi(q) < @}, is satisfied. We can express hy(q) as

S leg Yile
hk(q)_Q_k+Qk_ qk (]1J+]1]

Cefa efa Yiig\ elq eiq
k-1 k-1

=pY hi(@) =p>_ 7
j=1 j=1

Hence, the feasibility of g can be determined by checking
whether the condition ng;ll n < 7, is satisfied. Based on

(13)

J
Theorem 3, Lemma 3, (12) and (13), we may thus solve for the

optimal solution of (9) for the orderable case by implementing
Algorithm 2. If the indices have been pre-ordered, the compu-
tational complexity of Algorithm 2 is linear in the number of
Sensors.

Algorithm 2:To Find the Optimal ¢ for the Orderable Case

1: Order the indices of the sensors such that (10) is satisfied,
2: %5 0,60 < 0,61 < 0

3:if (e§) 1 + (el) ! < 7] then

4: q<« [1,0,---,0)T;

5:  return ¢;

6: else

7. fork=2— K do

8 e e+el Val_ vie {01},
9: Yar & Bar + T_L;gfl;

10: p < The positive root of (12);

11: if pXn < @) then

=1 7!
ny g1 P

122 g Ispam sptma e 00 0
13: return ¢;

14: end if

15:  end for

16: end if

C. The General Case

If the sensors are not “orderable” as discussed in the previous
section, then Algorithm 1 is no longer optimal. One reason is
that Algorithm 1 is based on the fact that at most one active
sensor is not fully used in the orderable case. A counter-example
in the general case can be found by considering the situation
of unconstrained sensor usage, i.e., C = Ag_;. If there are
no constraints on the sensor usage, then our problem set-up re-
duces to the one studied in [18] which showed that the optimal
probability vector may be such that two active sensors are not
fully used. Even though the feasible region of (9) is convex (see
Appendix D for a proof), an arbitrary sum-of-ratios LFP even
over a convex set may be NP-complete [20]. Rather than the
computationally demanding algorithms available in the litera-
ture for this class of problems (see, e.g., [20], [25], [26]), we
propose a computationally efficient sub-optimal algorithm that
uses the specific structure of our problem. The sub-optimal al-
gorithm is a generalization of the greedy algorithm proposed in
Section IV-B using the following fact.
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Algorithm 3: To Find a Solution to (9)

1: Order the indices of the groups such thateg, > eq, > -+
22A— 0, F « 0
3:fori=1— |G| do
4: ifG; € Aor FNG; # 0 then

continue;

end if
A« AU Gi;
if A\ F| < 3 then

q* + argming{(el'q)~" + (eTq)"'};st. g€ Ak 1,
@) =0, Vi€ Fg=0Ykg A

10:

11:  ¢* < argming{(el'q) ™' + (eTq) '};st.ge Ax_1,
hi(q) =7, Vj € F qr = 0,Vk ¢ Aq = 0 or Iy(q) = 7y, for
somel € A\ F

R AN

else

12:  end if

13:  if ¢* € C then
14: return g*;
15:  else

16: Fe FUke A\F:hy(g) > a};
17:  if [A\ F| > 1 then

18: jump to line 9;
19: end if

20:  end if

21: end for

Theorem 4: Assume C # . There exists an optimal solution
g to (9) such that at most two active sensors are not fully used.
Proof: See Appendix E. [ |
Theorem 4 is a generalization of [18, Theorem 4] that proved
a similar result for the case when there are no constraints on the
sensor usage. Lemmas 3 and Theorem 4 imply that if we knew
which sensors were active and which ones were fully used, then
the optimal probability vector can be obtained by solving an op-
timization problem with three variables, irrespective of the total
number of sensors. The source of computational complexity of
the problem lies in identifying which sensors should be active,
and which (one or two) active sensors are not fully used. In the
orderable case this identification could be done by considering
all the sensors sequentially. In the general case, two sensors may
be simultaneously active and the sequential procedure breaks
down.
To obtain a sub-optimal algorithm, we begin by defining the
efficiency of the sensor pair {j,k} to be

~1
A . 1 n 1

egjkr=| min _ '
P a0 e+ (1= el el + (1 - el (14)

and the efficiency of the single sensor k as

1 1\

A
ek =\ T . (15)
(& )
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Further, we say that a pair {J, k} is effective if the minimum in
(14) is achieved by a value ¢ € (0,1). The sub-optimal algo-
rithm presented in Algorithm 3 is similar to Algorithm 1 con-
sidered for the case of orderable sensors. However, in this case,
since we need to consider the possibility that two sensors may
be simultaneously active and not fully used, we define the set of
sensor groups G to be the collection of all effective pairs and all
single sensors. Then, we calculate the efficiency of each member
of this set by using either (14) or (15). Similar to Algorithm 1,
we order the groups in the deceasing order of their efficiency,
denoted by G1, G2, - - -, and greedily activate sensor groups in
this order till a feasible solution is obtained. In every iteration,
we can define A and F C A to be the set of available sensors
and the set of fully used sensors, respectively. The relative com-
plement of F in A, denoted by A \ F, is the set of the sensors
for which the usage probabilities need to be obtained. The algo-
rithm has the following three main parts:

1) Initialization: This step is carried out once. For the first
iteration, we let A = G and F = (. We begin by obtaining
the optimal sensor selection vector by temporarily ignoring the
sensor usage constraints (in which case we can use the results
of [18]). If there is only one sensor available, i.e., |[A] = 1,
then the trivial sensor selection probability vector is optimal. If
| A| = 2, the optimal sensor selection probability vector g* can
be obtained by using the Karush-Kuhn-Tucker (KKT) condi-
tions. We then evaluate whether this solution violates the sensor
usage constraints. If it does not, then the solution is feasible for
the original optimization problem as well and hence optimal.
Otherwise, some other sensor(s) must be activated. Mimicking
Algorithm 1, we force the sensors in A that reach or violate
their sensor usage constraints to be fully used, i.e., set F = {k
€ A : hy(g*) > 7} }. Then we add one more group into the
available set.

2) Updating A: This step is carried out once every iteration.
Notice that F is non-empty as long as ¢* is not returned in the
initialization step. During the ¢-th iteration, we make the sensors
in G; available if possible by updating A to A U G;. There are
two cases in which this is not possible. First, it may be possible
that G; C A already. Secondly, it is also possible that FNG; #
$ and G; ¢ A (i.e., if one sensor in G; is not in A, and the
other sensor in G; has been fully used). In both these cases, we
skip this step and begin the next iteration. In the first case, it is
because the sensors are already active. In the second case, the
intuition is that the usage of the fully used sensor in G; may have
been occupied by another effective sensor pair more efficient
than G;.

3) Calculating ¢* and updating F: This step is carried out
once every iteration if the set A has been updated during that it-
eration. Thus, this step is carried out if the set A \ F is non-
empty. To reduce the computational complexity of the algo-
rithm, we will constrain that the condition | A\ F| < 3 is met in
every iteration. Suppose that |4\ F| < 3. We ignore the sensor
usage constraints and solve for ¢* using Lemma 3 and the KKT
conditions given that the sensors in A are active and the sensors
in F are fully used, as shown in line 9. Suppose that | A\ F| = 3.
We impose that one of the sensors in A \ F be either inactive
or fully used and solve for the optimal sensor selection proba-
bility vector by using KKT conditions (see line 11). For either
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case, if the solution obtained in line 9 or line 11 is feasible with
the sensor usage constraints, we return ¢* as the solution. Oth-
erwise, we set the sensors that are meeting their sensor usage
constraints with equality, or that are violating their constraints,
to be fully used (see line 16). Notice that after updating F in
line 16, it is possible to obtain |.A \ F| = 2, which may result
| A\ F| > 3 after updating A in the next iteration. To solve this
issue, we jump to the procedure stated in line 9 (see line 18) to
guarantee the condition |4 \ F| < 3 in every iteration.

Remark 3: The maximum number of iterations of Algorithm
3is |G| < (§) + K. In addition, at most K iterations are re-
quired to solve ¢* using the KKT conditions. Hence the com-
plexity of Algorithm 3 is O(K?) provided that the groups have
been pre-ordered by their efficiencies.

Remark 4: In general, Algorithm 3 returns a sub-optimal
sensor selection probability vector. However, for two special
cases, the algorithm is optimal. If the sensors are orderable, G
only consists of single sensor groups. In this case, Algorithm 1
coincides with Algorithm 3, which means that Algorithm 3 is
optimal. Similarly, for the case when there are no sensor usage
constraints (i.e., C = Ay 1), Algorithm 3 returns the optimal
sensor selection probability vector in the first iteration.

V. AN UPPER BOUND FOR THE EXACT SENSOR USAGE

The off-line sensor selection strategy as considered above is
within the framework of the two approximations outlined in (6)
and (7). These approximations are generalizations of similar re-
lations identified by Wald for the classical sequential decision
problem. In particular, the approximations of a, b as outlined in
(6) are used to guarantee that the reliability constraints are never
violated, since (6) is obtained from the lower and upper bounds
of @ and b, respectively. However, the approximation of E[N]
as outlined in (7) does not guarantee that the realized value of
E[NVg] satisfies the usage constraints imposed for the k-th sensor
exactly. We now provide an upper bound for the realized value
of E[Ny] which can be used to set a safety margin so that the
sensor usage constraint is always satisfied.

Define the random variables

(55) j

iINxX.
A Rrog X)L L;2Y An (1)
j i=1

We begin by noting two consequence of Wald’s identity (stated
for completeness in Appendix A):
« Ei[Ln] = E;[N]E;[A;] for any arbitrary time j (notice
that A;-s form an i.i.d. sequence conditioned on H;).
« For any arbitrary time j, the identities Eq[A ;] = —dXpand
E1[A;] = d] p hold.
Combining these statements, we see that

_ Eo[Ly]

Eo[N] = and E([N]= 17)
—dyp dip
Using (17) and Bayes’ law, we can write
Eo[L E,[L
BN = ) B B g
—dyp dip
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Now we lower bound Ey[Lpx] and upper bound E;[Ly]
on the right hand side. Specifically, we use the facts that
E;[Lx|Ly > b] > b > 0 and oy < ag to obtain

IEO[LN] = (1 — ao)Eo[LN‘LN S a] + aoEo[LN|LN Z b]
— do)[Eo[LN‘LN < CL]

> (1
2 EQ[LN|LN S a}.

(19)

Consider the term Eq[L | Ly < a] in (19). We can use Baye’s
law to write

Eo[LN|Lny < a]=Eo[Ly-1+ An|AN <a— Ly_{]

=Y PN =n)E,
n=1
[Lnfl + AnlAn <a- LnflyN - TL] .
Since N is the stopping time, the random variable L _; must
belong to the open interval (a, b) with probability one. Thus, we
can further bound

Eo[Ln|In <a] > Y Py(N =n)
n=1
X inf |E0 [lnfl + AnlAn <a-— lnfl,N = n] .
ln,lé(a,,b)

We letl,, -1 = @ — [ and use the definition of the stopping time
for SPRT. The right hand side can be rewritten to obtain

Eo[Ln|Ly <a] > > Py(N =n)
n=1

X  inf

n—1
I Eg |AnlA, < 1AL € (a, )] Y
1€(a—b.0) {a o [ [An < jg1{ i€ (@ )}}}

Because A{® is an conditional i.i.d. sequence of random vari-
ables given either hypothesis, A,, must be independent of any

event {L; € (a,b)} for1 < j < n — 1. Thus, we obtain

Eo[Ln|Ln <a] > Y Py(N =n)
n=1

inf — I+ Eq[An]A, <1
oot o=t Bo[AnlAn <1}
=a+ inf —I+EgA.lA, <] (20)
1€(ab,0)

Using (19) and (20) provides us the required lower bound

inf
1€(a—b,0)

A similar procedure yields the upper bound

E1[Ln] <Ei[Ln|Ly > b

<b+ sup _l+[E1[An|An > l]

1€(0,b—a)

(22)

Using (18), (21), and (22) yields
a—+ infle(a,bﬁ) —1 + IEQ[An|An < l]
~d;p
b+ sup;e(gp_ay —1 + E1[An|A, > ]
1 o .
dip

EIN] < (1 —m1)

—+

(23)
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Finally, plugging (23) into the identity E[Ny]| = pxE[N] in (2)
yields an upper bound for E[N]. A numerical comparison of
the upper bound with the realized value of E[N}] is presented
in Section VI. To demonstrate how the bound in (23) can be cal-
culated, consider the detection problem considered in Example
1.

Example 3: Consider the hypothesis testing problem in Ex-
ample 1. For this problem, A, N( d(k) 2d(()k)) when Hj is
true and S,, = k, and A,, ~ N(d; at® Qd(k)) when H; is true

and S,, = k. We first evaluate E [A |A > [] in (22),
(z—d{*)?
K f T &P ( 4d(® dz
Eq[An]An > 1] = Z s

- —(=di?)e
Ty
SN R =
= " m dﬁMWe 1 , (24
. vre (\/W )
where Q(z) = [~ x/%_ﬂexp(—%tQ)dt. Note that —I

+ E4[An]A,, > 1] is a monotonically decreasing function of
on! > 0. Thus the supremum occurs at [ = 0, which yields

b f: Pk A/ d(k) (k)
-+ d 1 e T
k=1 17Q<\/%d(lk)> T

dip

Ei[N] <1+ (25)
By symmetry, the bound of Eq[N] can be obtained via replacing
b by —a in (25).

Now we present a method that uses the upper bound to pre-
vent the violation of the sensor usage constraints due to the error
of Wald’s approximations. We first solve for the sensor selec-
tion probability vector as presented in Section V. Denote by
Any > 0 the discrepancy between E[N] obtained by Wald’s
approximations and the upper bound of E[Nj]. We can make
the sensor usage constraints more conservative by imposing that
the sensor usage is bounded by the term 7y, — A7y, for every
k € &. With the tightened constraints, the sensor selection
probability vector and its corresponding upper bounds of the
sensor usage can be obtained. We then repeat this procedure that
makes the constraints progressively more conservative until the
upper bounds of the sensor usage do not violate the original con-
straints.

VI. NUMERICAL EXAMPLES

A. Orderable Case

To illustrate our algorithm, we consider a cooperative spec-
trum sensing problem in which the goal of a secondary user is
to detect whether or not the spectrum is occupied by a primary
user. The secondary user can obtain observations from (K = 8)
neighboring devices (i.e., sensors) to determine the availability
of the spectrum. Let the spectrum sensing problem be modeled
as an amplitude detection problem as presented in Example 1
with 7wy = 0.2. Let the signal-to-noise ratlo (SNR) of the obser-
vation of sensor k be defined as SNRy, = & "“ be the k-th entry of
the set {3.5, 3,2.5,2,1.5,1,0.5,0} dB, respectwely The different
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TABLE I
NUMERICAL RESULTS OF SPRT WITH EACH SENSOR BEING
SELECTED WITH AN EQUAL PROBABILITY

p [0.125,0.125, - - ,0.125]T
E[N] 29.14 (Wald’s apx.), 30.39 (sim.), 30.85 (upper bound)

E[Ng] {3.64,3.64,--- ,3.64} (Wald’s apx.)
{3.80,3.80,- - - ,3.80} (sim.)
{3.85,3.85,---,3.85} (upper bound)
]E[Z;.Vzl Cj]  65.09 (Wald’s apx.), 67.88 (sim.), 68.92 (upper bound)
TABLE 11
NUMERICAL RESULTS OF SPRT WITH SENSOR
SELECTION GOVERNED BY ALGORITHM 2
p [0.257,0.343,0.214,0.171,0.015,0, 0, 0] T
E[N] 23.36 (Wald’s apx.), 24.48 (sim.), 29.45 (upper bound)
E[Ng] {6,8,5,4,0.36,0,0,0} (Wald’s apx.)
{6.29,8.39,5.24,4.19,0.38,0,0, 0} (sim.)
{6.41,8.56,5.34,4.27,0.37,0,0,0} (upper bound)
]E[Z;V:l Cj]  55.76 (Wald’s apx.), 58.45 (sim.), 59.57 (upper bound)

SNRs can arise from the variation in sensing times used by the
sensors. An observation cost is incurred for every measurement
that models the time and energy consumed for processing the
observation taken by the sensor. In addition, sensor usage con-
straints arise from to the battery life of the sensors. We let the
observation cost for the k-th sensor be my, = 1++/SNR, where
SNRy is on a linear scale and the sensor usage constraint for
the k-th sensor, denoted by 715 be the k-th element of the set
{6,8,5,4,8,4,8,6}. We assume that the secondary user requires
the reliability of the test to be g < 1072, ay < 10719,

We implement SPRT with two different off-line sensor selec-
tion schemes, one specified by the sensor selection probability
vector obtained from Algorithm 2, and the other by a strategy
in which every sensor is chosen with an equal probability (i.e.,
an “equally likely selection strategy”). Notice that the equally
likely scheme may not be feasible for arbitrary sensor usage
constraints. The comparisons between the two schemes are sum-
marized in Tables I and II. Numerical results are obtained using
both Monte Carlo simulations and Wald’s approximations. It
can be seen that the average total observation cost is reduced
by around 14% by adopting the optimal sensor selection prob-
ability vector over the equally likely sensor selection strategy.
Nevertheless, there is a slight discrepancy between the results
obtained by Monte Carlo simulations and those obtained using
Wald’s approximations. This discrepancy is due to the error in-
troduced by Wald‘s approximations as discussed in Section V,
which may cause the sensor usage constraints to be violated.
If we tighten the sensor usage constraints to iy — Afg =
{5.59,7.44,4.66,3.73, 8,4, 8,6}, the upper bounds for E[N]
are shown in Table III. We can see that the resulting upper
bounds for E[ V] in Table I all satisfy the original sensor usage
constraints. Compared with Table II, there is a slight perfor-
mance loss to [E[Z;V:1 C;], if we tighten the sensor usage con-
straints. However, the sensor usage constraints are not violated.

B. General Problem

If the sensors are not orderable, we may employ Algorithm
3 to obtain a sub-optimal solution. Note that by Lemma 1, the
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TABLE III
NUMERICAL RESULTS OF SPRT WITH OPTIMAL SENSOR SELECTION AND
TIGHTENED SENSOR USAGE CONSTRAINTS

p [0.235,0.314,0.196, 0.157, 0.098, 0, 0, 0] T
E[N] 23.94 (Wald’s apx.), 25.07 (sim.), 25.55 (upper bound)

E[Ny] {5.62,7.50,4.69, 2.34,0,0,0,0} (Wald’s apx.)
{5.59,7.44,4.66,3.73,2.51,0, 0,0} (sim.)
{5.97,7.95,4.97,3.98,2.68,0,0,0} (upper bound)
]E[Z:;V:1 Cj]  56.66 (Wald’s apx.), 59.40 (sim.), 60.54 (upper bound)
10°

Complementary ecdf of
normalized degradation

0.04 0.06

0 0.02
Normalized degradation of Algorithm 3

0.08

Fig. 2. The complementary empirical cumulative distribution function of nor-
malized degradation D, using Algorithm 3.

problem (8) can be fully described by eg, e; and 71),. Therefore,
we perform a numerical experiment in which we generate values
of ey, e; and 71}, randomly. We choose KX = 10 and perform 10°
experiments in which egk) ~ U(0,1) iid. and 7}, ~ U(0,0.2)
i.i.d. where U (2, y) denotes the uniform distribution between x
and y. Only those parameter values are retained for which the
feasible region is non-empty. For every such problem setting,
we compute the performance Cj,,;, obtained using Algorithm 3
and the performance (', obtained using the optimal sensor se-
lection probability vector computed using a brute-force search
over the probability simplex Ag_1. The normalized degrada-
tion of the performance using Algorithm 3 can then be defined
as

Csub - Copt
Copt

Dnorm -

Fig. 2 plots the empirical complementary cumulative distribu-
tion function (cdf) of D, 4. We can see from the plot that
Algorithm 3 renders near-optimal solutions in most cases. For
instance, the proportion of the cases for which the normalized
degradation has value larger than 0.02 (or 2%) is only about
103, This shows that Algorithm 3 represents a good trade-off
between computational efficiency and optimality.

VII. CONCLUDING REMARKS

In this paper, we have considered the problem of off-line
sensor selection strategy for binary sequential hypothesis
testing with multiple sensors and sensor usage constraints.
By extending the Wald-Wolfowitz inequality, we showed that
SPRT is the optimal sequential detection rule. We also formu-
lated the sensor scheduling problem as a sum-of-ratios LFP. In
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particular, we showed that a greedy algorithm for solving the
sensor selection probability vector is optimal for an important
class of problems. For the general case, we proposed a com-
putationally efficient algorithm that provides nearly optimal
solutions in numerical simulations. In addition, an upper bound
of the sensor usage is derived that enable us to set a safety
margin for the sensor usage constraints.

This work can be extended in many directions. An efficient al-
gorithm that is capable of determining the optimal sets of active
sensors and fully used sensors for general cases is not addressed
in this paper. In addition, the similar sensor selection problem
in the on-line fashion with sensor usage constraints remains to
be further investigated.

APPENDIX A
A DERIVATION OF THE APPROXIMATION (7)

We first introduce Wald’s identity.

Lemma 2 (Wald's Identity [27]): Consider an i.i.d. sequence
of random variables > where E[|Y}|] < oo and the random
variable Y} is determined by X7 and 57. Then we have

N
E | Y| =E[YEN]. (26)
j=1

O

Using the definition in (16), note that A7® is a conditional i.i.d.

random sequence given either hypothesis. Using Wald’s iden-

tity, we have E;[Ly] = E;[N]E;[A;] where Eq[A;] = —d)p
and E4[A;] = d] p. By Bayes rule, we have

[Eo[LN] = (]. — Oéo)[Eo [LN‘LN < CL] + aglEg [LN|LN > b] .

We may take ap = &y and approximate that Ly stays exactly
on either a or b with probability one, which yields Eq[L x| Ly <
a] = a and Eg[Ly|Ly > b] = b. Then we have E[Lx|Hp| ~
(1 — ag)a + agb. Similarly, E[Ly|H1| =~ aija + (1 — a;)b.
Notice that these approximations are reasonably accurate when
ag and a are small enough. Plugging these two approximations
into E[N] = (1 — m1)Eg[N] + m1E1[N] gives (7).
APPENDIX B
PROOFS OF LEMMA 1

We assume without loss of generality that sensors 1, 2, -- -,
: j 1) _

J are equivalent, so that egl) = egz) =...= e(()” and ;' =
e?) == egj ) Consider the optimization problem
Lin 9(@)

J
subject to hy(g) < Z s
i=1

hi(@) <7y, VE=2,3,--- K—j+1. (27)
While the new problem (27) depends only on K — j + 1 vari-
ables, the feasible sets for (9) and (27) are equivalent. If g is fea-
sible in the new problem, we let ¢ = [¢1, 42, -, qx|* where

gk = —g2— 7 g ifk < jand gy = @ ifk > j. Thus,

n

qis feasible in the problem (9), and g{g} = ¢(g). On the other
hand, starting from a feasible solution g of the problem (9), we
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can generate § = [q1, 2, ", qx—j+1]7 where g1 = >.7_
and @ = qx if k > 1. Hence, the lemma follows.
APPENDIX C
PROOF OF THEOREM 3

1 4

We begin by presenting a lemma that can reduce the number
of decision variables in the problem (9) if some of the sensors
are known to be fully used.

Lemma 3: Suppose that j sensors are known to be fully used
in the problem (9). Then, the optimization problem (9) is equiv-
alent to an optimization problem with K — j + 1 variables.

Proof: We assume without loss of generality that the sen-

sors 1,2,---, 7 are the fully used sensors. Thus, for all & &
{1,---,j}, we have hy(g) = @}, or, in turn,

Ry n; 1 1

P S

q % €4 €4

This implies that the j — 1 variables g2, - - -, g; can be treated as
dummy variables, which are fully determined by ¢;. In partic-
ular, we let

T
N K—j+1
q= ZQIaqj+l7qj+27”'7qK‘| €R J 5
k=1
a [l el G L+2) o
- A 1 j j iy
é; = 7,61- ,8; ) e RH7IT,
k:lnk
o T
A ¥
=1 A =1 =1 =7 =1 K—j+1
- an7nj+17nj+2""7'nK] eRTTIT
Lk=1

Then we can rewrite the problem (9) as

max
quI\ K] {ql }

subject to — + ——

eoq 314

=1
G < =E@, VRE{2 K —j+1} (8)
1
which completes the proof. ]

We now prove the theorem. First, we present a necessary con-
dition for a probability vector to be the optimal solution to (9)
is that if sensor ¢ is active, all sensors with larger weighted
KLD than the weighted KLD of sensor ¢ must be fully used.
Second, we provide a sufficient condition of the optimal prob-
ability vector, that is, if we can find a feasible ¢ with the least
number of active sensors that satisfies the necessary condition,
then it is optimal. The proofs of the two conditions are as fol-
lows.

(Necessity:) For the sum-of-ratios LFP in (9) for the case
when the sensors are orderable. Suppose that a vector g with
q; > 0 is feasible in (9), and there exists a sensor j < % such
that h;(g) < 7}. The necessary condition can be proved by
showing that the vector Ag € R*, where Ag; = —1, Ag; =1
and zero elsewhere, is a feasible descent direction for the ob-
jective function at g. Namely, there exists A > 0 such that
q + AAq is feasible, and g( + AAg) < g(q). To prove this
statement note that g —|— M) = e((] 9 ef)l) > 0 and

d
el T(qg+ A\Aq) = (\3 ) > 0. Since no two sensors are
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equivalent by assumption, it follows that Agq is a descent direc-
tion. Since Ay decreases along Agq at ¢ for every k # j, and
g does not satisfy the constraint /;(g) < 7 with equality, the
direction is feasible as well.

(Sufficiency:) We prove the sufficient condition inductively.
Notice that if the probability vector [1,0,---,0]T is feasible,
clearly, it is the trivial solution to the problem (9). If the vector
[1,0,---,0]T is not feasible, we consider a probability vector g
such that sensor 1 is fully used and every sensor j > 2 is inactive
(i.e., g; = 0 for j > 2). We now show that, if q is feasible for
(9), then g must be the optimal solution to (9). Using Lemma
3 and (28), it is enough to prove that decreasing q; for every j
> 2 gives a larger value of ¢; while sensor 1 remains fully used.
Note that ¢; can be viewed as an implicit function of g3, - - - , gx
through the equations 1(q) = @} and g2 =1 -3, 42 qk- The
implicit derivative with respect to g; for each j > 2 is given by

oh1(q)

Jg;

& O (e 5 (eﬁ’“—ef))qk)
2 (eFa)’

(2)) By, 01 +€(J) (;2))
(eFq)’
(aq] ql)( +ZL_ ( (k) (2)) Qk) —q (el(j) _61(2))

€rq)’

(29)

Note that e§) — e{¥ < 0, e’ — & < 0 forall j > 2 and
at least one of them is nonzero because of the assumption that

no two sensors are equivalent In addition, 652) + ZhK NG (k) _

e? ))q = e( )(ql +q2)+ Zk 3 € ( )gie > 0. From (29), we ob-
ta1n 8% g1 < 0. Hence, the statement holds. On the other hand, if
such a vector ¢ is not feasible, then we must active more sensors,
which implies that the first two sensors must be fully used. We
can once again invoke Lemma 3 to obtain a problem of the form
(28) with the number of unknown variables further reduced by
one. Therefore, this procedure can be applied recursively until
we obtain a feasible solution, which then must be optimal.

APPENDIX D
THE CONVEXITY OF THE FEASIBLE REGION IN (9)

We need the following preliminary result.
Lemma 4: Fori € {0,1},1letG; : [0,1] — R be

Gilz) = 51 +1t(1 —2)
wx + v (1 — )
where s,t,u;,v; > 0. Then G = Gy + G is a quasiconvex
function.
Proof: 1f svy = tug and sv; = tug, G can be written in
the form of a linear fractional function of x, which is known to
be quasiconvex. Otherwise, it is enough to show that G has no
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local maximum on the open interval (0,1). The first and second
order derivatives of G are given by

G'(x) =Go(x) + Gy (2)
B svg — tug su1 — tug
(wox +vo(1 — 2))°>  (waz+ v (1 — 2))*
) =800~ u0) (o —v0) (51 — tun) (o — va)

(uow + vo(1 — z))* — )
~ 2Gh(x)(uo —vo)

oz + vo(1 — x)

(urz+v1(1
2G (x) (w1 — v1)
wmr+v(l—x)

Since G is smooth on (0,1), i.e., its derivatives of all orders exist,
a local extreme point 2*, if it exists, on the interval (0,1) must
satisfy G'(2*) = 0 and G"(2*) # 0. Moreover, the condition
G'(2*) = 0 gives G (2*) = —G’{(2*). Consequently, G" (x*)
can be rewritten as

Wy %\ ook Up — Vo _ Uy — v
G (l' )*2G1(l )<U0$+’Uo(1—$) U1$+’l)1(1—17)>

—20" (z* UgV1 — U1Yo .
(@) (uox + vo(1 — 2)) (w12 + v1(1 — 2))

Consider the case of G (x*) > 0. Then we have tug > svp > 0
and sv; > tu; > 0, which yield ugvy — u3v9 > 0. Likewise,
if G (z*) < 0, then we obtain ugv; — u3vg < 0. Both cases
imply G"(z*) > 0. We can conclude that 2* must be a local
minimum, not maximum. Hence, & is a quasiconvex function.
|

Now we show that the feasible region of (9), C = {q €
Ag_1 : he(q) < 7}, VE € S}, is a convex set. Suppose
that p, g € C. Consider the vector » = 2p + (1 — x)g where
0 < 2 < 1. Obviously,  is on the probability simplex Agx 1.
Lets = pr, t = qx, u; = e/ p, v; = elq. Using the nota-
tion in Lemma 4, G(0) = hi(q) < @1}, G(1) = hi(p) < 7},
and G(z) = hy(r). From Lemma 4, G(z) is quasiconvex on
2 € [0,1]. Then we obtain G(z) = G((1 —z) x 0+ 2z x 1) <
max{G(0), G(1)}< max{n},, 7}, } = A}, which gives r € C.
Consequently, C is a convex set.

APPENDIX E
PROOF OF THEOREM 4

Lemma 5: Given any ¢g > 0,y > 0,¢nj, > 0, K > 2
suchthat Q = {q € Ak _1:elq=",q < (n,,Vk € S}is
non-empty, there exists ¢’ € Q such that at least K — 2 elements
of ¢’ satisfy ¢;, = 0 or g}, = (7).

Proof: We prove the lemma by induction. For K = 3,
the statement can be illustrated geometrically. Let Q1 = {g €
As egq = ’y}, Qo = {q € Ao qr < Cﬁ;ﬂ,vllﬂ} If O,
consists of a single point or @1 = As, then the result is trivial.
Otherwise, Q; is a line segment in R, and Q, is a polygon
in R%. Since @ = Q; N Q, is non-empty, Q contains at least
one point on an edge of the polygon @5, which implies that
at least one k satisfies g = 0 or g, = (7i},. Assume that the
statement is true for all X' < n. For K = n + 1, let g be an
arbitrary element in Q. For notational simplicity, we assume
that the first j entries of g satisfy neither g, = 0 nor ¢, =
¢nj. and the other entries satisfy one of these two equations,
in which we only consider the non-trivial case of j > 2. If 3
<K=n+1,letqg=¢Eg, ,q]", & = [e((]l),~-~,e(()])]T

>
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Q=1{ge Dy 1:8d="E0v— Y0 et ar) dn< €ChL)
where £ = (37_; qx) ~". By assumption, the statement holds
for all K < n. Since § € Q, there exists § € O such that at
least 7 — 2 elements/ofq satisfy §j, = 0 or §}, = £¢Rj,. We can
take ¢’ = [%, . %, gj+1, -+, qx]” and it obviously satisfies
the desired condition. If j = K, i.e., none of g, satisfies g, = 0
or g = (7}, then we can repeat the above procedure twice and
get a desired ¢'. Thus the lemma follows. [ |

Suppose that g¢* is an optimal solution to (9). We may assume
without loss of generality that all sensors are active by removing
the elements of ¢* and e; corresponding to the inactive sensors.
This assumption gives ¢* > 0.

If ¢* lies in the interior of C, then none of the sensors is fully
used. For all k, we have

8 1
= +A1—

q=q*
(k) (k)
_ €o il _
= T*Q_)‘_O (30)
(60‘1 ) (61‘1 )

where A is the Lagrange multiplier. Thus, the all-ones vector

1 € span{eg,e;}, and there exist u,v > 0 such that e; =

ul — vey. Then el ¢* = ~y must satisfy the following equation
1 1 1

min 7= -
qEAK 16011 u—veyq y

(€2))

u— vy

Let{ = (% + u_lm)’l. By Lemma 5, there exists ¢’ € Ax_;
such that el'¢' = v and at most two active sensors are not fully
used. Namely, ¢’ is an optimal solution as well. Therefore, the
statement is true in this case.

On the other hand, suppose that an optimal solution ¢* is
given, in which some of the sensors are fully used. Likewise,
we assume without loss of generality that all sensors are active,
and only sensor 1 is fully used. Further, we let p, = Z—’: >0
since g1 > 0. It can be shown that to maximize ¢; in (28) is
equivalent to minimize Z{; p1. Since sensor 1 is the only fully
used sensor, for all & > 1, we have,

[23pl+"k< Tp ejp__na>]

e(()k) egk)
=1-\ s+ ——=]=0 (2
(e5p%)”  (efp7)

where p* = ¢*/¢;. Similar to (30), the condition (32) implies
that e(k) = u - vef)k for all & > 1 where u,v > 0, ie,
we have &, = ul — véy, where & = [652),'-', EK)] €

RE-1,vi € {0,1}. Now we would like to find an optimal
’ [q}, -+, q%]T such that at most two active sensors are

q =
not fully used. Let ¢ = ¢}, § = ﬁ[q’z,--',q’K]T € RE-L,
1
eREL Lety=21q", ¢ = (1 ql +

Tl ailt

Q —{geAk r:80q8="d < ¢y} Note that
if ¢ € Q, it results that ¢’ is optimal and sensor 1 is fully used.
From Lemma 5, the desired ¢’ exists. Hence the theorem fol-

lows.
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