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ABSTRACT

A commonly used test in such problems with unknown
parameters is the generalised likelihood ratio test (GLRT) [2].
In our case, taking a cue from [3], we use a modified GLRT
approach where the numerator of the statistic is replaced by
an averaged likelihood function. The average is computed
with respect to an artificial prior on the unknown parameters.
The modified GLRT approach allows us to use a time invariant and a simple threshold policy that meets the constraint on
probability of false detection.
Our interest in the exponential family is for three reasons.
• It unifies most of the widely used statistical models
such as normal, Binomial, Poisson, and Gamma distributions.
• The generalisation forces us to rely on, and therefore
bring out, the key properties of the exponential family
that make the analysis tractable. These include the usefulness of the convex conjugate (or convex dual) of the
log partition function, the existence of easily amenable
formulae for relative entropy, and the usefulness of the
conjugate prior in the analysis.
• The existence of conjugate priors enables extremely
easy posterior updates. This is of great value in practice.

The problem of identifying an anomalous arm from a set
of K arms, with fixed confidence, is studied in a sequential decision-making scenario. Each arm’s signal follows a
distribution from the vector parameter exponential family.
The actual parameters of the anomalous and regular arms
are unknown. Further, the decision maker incurs a cost for
switching from one arm to another. A sequential policy based
on a modified generalised likelihood ratio statistic is proposed. The policy, with a suitable threshold, is shown to
satisfy the given constraint on the probability of false detection. Further, the proposed policy is asymptotically optimal
in terms of the total cost among all policies that satisfy the
constraint on the probability of false detection.
Index Terms— conjugate prior, hypothesis testing, sequential analysis, search problems, switching costs.
1. INTRODUCTION
We consider the problem of detecting an anomalous arm from
a set of K arms of a multi-armed bandit under a fixed confidence setting, i.e., with a constraint on the probability of false
detection. Each arm follows a distribution from the vector exponential family parameterised by the natural vector parameter η. As the name suggests, all arms except the “anomalous”
one have the same parameter. The actual parameters of the
anomalous and regular arms are unknown. At each successive stage or round, the decision maker chooses exactly one
among the K arms for observation. The decision maker also
incurs a cost whenever he switches from one arm to another.
The goal is to minimise the overall cost of expected time for
a reliable decision plus total switching cost, subject to a constraint on the probability of false detection. The above serves
as a model of how one acquires data during a search task [1].

1.1. Related work
In [1], the authors have considered the anomalous arm identification problem with switching costs, but the statistics of
the observations were assumed to be known and Poissondistributed. In [3], the authors have considered a learning
setting where the parameters of the Poisson distribution were
not known but the switching costs were not taken into account. This work provides a significant generalisation of
the results in [3] to the case of a general vector exponential
family. This work also analyzes the effect of switching cost
on search complexity in the presence of learning, thereby extending the results in [1] where the parameters were assumed
known. For connections to, and limitations of, the works
of Chernoff [4] and Albert [5], see [3, Sec. I-A]. A longer
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version of our paper is available in [6].

The expressions for the Kullback-Leibler (KL) divergence or
relative entropy in terms of the natural parameter and in terms
of the expectation parameter using (3) are

1.2. Our contributions

D (η 1 ||η 2 )

• We provide a significant generalisation of the anomalous arm identification problem in [3], which dealt with
the special case of Poisson observations, to the case of
general vector exponential family observations.
• We modify the policy in [3] to incorporate switching
costs based on the idea of slowed switching in [1], [7]
and [8].
• We show that the proposed policy, which incorporates
learning, is asymptotically optimal even with switching
costs; the growth rate of the total cost, as the probability of false detection and the switching parameter are
driven to zero, is the same as that without switching
costs.
• We provide a method to verify an assumption that each
arm is sampled at a nontrivial rate. Our rather general approach here, compared to [3], provides a simple
proof of such a result for Poisson observations.

:= D (f (·|η 1 )||f (·|η 2 ))
T

=

(η 1 − η 2 ) κ1 − A (η 1 ) + A (η 2 ) (4)

=

(κ2 − κ1 ) η 2 + F (κ1 ) − F (κ2 ) . (5)

T

2.2. Problem model
Let K ≥ 3 be the number of arms available to the decision
maker. Let the triplet ψ = (i, η 1 , η 2 ) denote the configuration of the arms, where the first component is the index of
the anomalous arm, the second and the third components are
the natural parameters of the anomalous and regular arms, respectively. We assume η 1 6= η 2 . Let P (K) be the set of
probability distributions on {1, 2, . . . , K}.
Let Π (α) be the set of admissible (desirable) policies that
meet the following constraint on the probability of false detection:
Π (α) = {π : P (δ 6= i|ψ = (i, η 1 , η 2 )) ≤ α,

2. PRELIMINARIES

∀ψ such that η 1 6= η 2 },

2.1. Vector exponential family basics

with δ being the decision made when the algorithm stops. We
define the stopping time of the policy as

A probability distribution is a member of a vector exponential
family if its probability density function (or probability mass
function) can be written as

f (x|η) = h (x) exp η T T(x) − A (η) ∀x,
(1)

τ (π) := inf{n ≥ 1 : An = (stop, ·)},

3. LOWER BOUND
A lower bound on the expected stopping time for any policy
that satisfies the constraint on probability of false detection
for the anomalous arm detection problem is given in the following proposition.

(2)
Proposition 1. Fix α with 0 < α < 1. Let ψ = (i, η 1 , η 2 ) be
the true configuration. For any π ∈ Π (α), we have

η∈Rd

Since A(·) is convex, we can recover A(·) as the convex conjugate of F(·). We assume henceforth that F(·) and A(·)
are twice continuously differentiable at all points where they
are finite. Optimising (2) over η, we get that the optimising η satisfies κ(η) = ∇η A(η) which is the expectation parameter evaluated at η. Similarly, optimizing A(η), we get
η(κ) = ∇κ F(κ). Thus, the optimising η and κ are dual to
each other and are in one-one correspondace. From [9, Section 3.3.2], we get
F (κ) + A (η) = η T κ

(7)

where An is the action taken by the policy at any stage n: An
has two components (continue, ·) or (stop, ·). In the former
case, the second argument indicates the arm to sample; in the
latter case, it indicates the decision. The total cost will be
the sum of the accumulated switching costs and the delay in
arriving at a decision as in [7].

where η is the natural vector parameter of the family, η ∈ Rd
for some d > 0 (or η is in some open convex subset of
Rd ), T(x) ∈ Rd is the sufficient statistic for the family, and
A (η) : η → R is a convex function known as the log partition function. The exponential family can also be parameterised using the expectation parameter defined as κ(η) :=
Eη [T(x)] = ∇η A (η) whenever A(·) is continuously differentiable.
Define F(κ) as the convex conjugate of A(η) evaluated
at an arbitrary κ given by
F (κ) := sup {η T κ − A (η)}.

(6)

E [τ |ψ] ≥

db (α, 1 − α)
D∗ (i, η 1 , η 2 )

(8)

where db (α, 1 − α) is the binary relative entropy function
and D∗ (i, η 1 , η 2 ) is defined as
h
D∗ (i, η 1 , η 2 ) =
max λ (i) D (η 1 ||η̃) +
(9)
0≤λ(i)≤1

(1 − λ (i))

(3)
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i
K −2
D (η 2 ||η̃) ,
K −1

for a suitable normalisation H (τ , n0 ).

with
η̃ = η (κ̃) and κ̃ =

λ (i) κ1 + (1 − λ (i)) K−2
K−1 κ2
.
K−2
λ (i) + (1 − λ (i)) K−1

(10)

4.1. Modified GLR statistic

Also, the λ that maximises the expression in (9) is of the form
(
λ∗ (i, η , η ) (i) , if j = i
∗
. (11)
λ (i, η 1 , η 2 ) (j) = 1−λ∗ (i,η11 ,η22)(i)
,
if j 6= i.
K−1

The modified GLR is defined as

A closed form expression for λ∗ (i, η 1 , η 2 ) is not yet
available. Hence, we make the following assumption.

modified GLR of i against its nearest alternative.

Assumption 3. Fix K ≥ 3. Let λ∗ maximise (9). There
exists a constant cK ∈ (0, 1), independent of (i, η 1 , η 2 ) but
dependent on K, such that λ∗ (k, η 1 , η 2 ) (j) ≥ cK > 0 for
all j ∈ 1, 2, . . . , K and for all (i, η 1 , η 2 ) such that η 1 6= η 2 .

4.2. The policy πSM (L, γ)

Zij (n) := log

f˜ (X n , An |H = i)
fˆ (X n , An |H = j)

(13)

o
n
H (τ , n0 )
= log
n
As the constraint on the probability of false detection
n
H (Yi + τ , Ni + n0 )
approaches zero, α → 0, we have db (α, 1 − α) / log (α) →
n
o
H (τ , n0 )
−1. Hence, we get that the conditional expected stopping
+ log
n
n
n
H (Y − Yi + τ , n − Ni + n0 )
time of the optimal policy scales at least as − log (α) /D∗ (i, η 1 , η 2 ).

T
T
∗
The quantity D (i, η 1 , η 2 ) thus characterises the “complex−η̂ 1 (j) Ynj + Njn A (η̂ 1 (j)) − η̂ 2 (j) Yn − Ynj

ity” of the learning problem at (i, η 1 , η 2 ). A proof of the
+ n − Njn A (η̂ 2 (j)) ,
(14)
result may be found in the longer version of our paper [6].
where f˜ is the average likelihood function at time n, averaged
Corollary 2. We have E[C (π) |ψ] ≥ Dd∗b (α,1−α)
(i,η 1 ,η 2 ) .
over the conjugate prior in (12) over all configurations with
Proof. With the switching costs added, we have C (π) ≥
H = i and fˆ is the maximum likelihood of observations till
τ (π), and the corollary follows from Proposition 1.
time n under H = j. Let Zi (n) := min Zij (n) denote the
j6=i

Fix L ≥ 1 and 0 < γ ≤ 1. We now define the ‘Sluggish,
Modified GLR’ policy πSM (L, γ) as follows:
At time n:
• Let i∗ (n) = arg maxi Zi (n), an arm with the largest
modified GLR at time n. Resolve ties uniformly at random.
• If Zi∗ (n) < log ((K − 1) L) then choose An+1 via:
– Generate Un+1 , a Bernoulli(γ) random variable
independent of all other random variables with
γ > 0.
– If Un+1 = 0, then An+1 = An .
– If Un+1 = 1, then sample An+1 according to the
probability distribution
λ∗ (i∗ (n) , η̂ n1 (i∗ (n)) , η̂ n2 (i∗ (n))) .
• If Zi∗ (n) ≥ log ((K − 1) L) stop and declare i∗ (n) as
the anomalous arm location.

In [6], we show that the assumption holds true for a wide
range of members from the exponential family. The assumption suggests that a policy based on λ∗ (i, η 1 , η 2 ) samples
each arm at least cK fraction of time independent of the
ground truth. In case Assumption 3 does not hold, we could
use a sampling policy with a forced exploration component
as in [10] along with the modified GLRT approach.
4. PROPOSED POLICY
Let Njn denote the number of times the arm j was chosen for
Pn
observation up to time n, i.e., Njn = t=1 1{At =j} , where
A
at time t. Clearly, we also have n =
PtKis thenarm chosen
n
N
.
Let
Y
denote
the sum of the sufficient statistic of
j
j=1 j
Pn
n
arm j up to time n, i.e.,Yj = t=1 T(Xt )1{At =j} . Let Yn
denote the total sum
the sufficient statistic of all arms up to
Pof
K
time n, i.e., Yn = j=1 Ynj .
When the parameters are unknown, a natural conjugate
prior on η 1 (j) and η 2 (j) enables easy updates of the posterior distribution based on observations. The conjugate prior
is taken to be a product distribution with each marginal once
again coming from an exponential family of the same form
and characterised by the hyper-parameters τ and n0 , i.e.,

5. ANALYSIS OF THE PROPOSED POLICY
The steps in this section verify that the proposed policy
stops in finite time (Proposition 4), belongs to the desired
set of policies (Proposition 5), and is asymptotically optimal
(Proposition 6). Detailed proofs of these results are provided
in the longer version of this paper [6, Appendix B]
Proposition 4. (Stoppage) Fix the threshold parameter L ≥
1. Policy πSM (L, γ) stops in finite time with probability 1,
that is, P (τ (πSM (L, γ)) < ∞) = 1.

f (ψ = (j, η 1 (j) , η 2 (j)) |H = j)
= H (τ , n0 ) exp{τ T η 1 (j) − n0 A (η 1 (j))}

Proposition 5. (Admissibility) Fix α. Let L = 1/α. We then
have πSM (L, γ) ∈ Π (α).

×H (τ , n0 ) exp{τ T η 2 (j) − n0 A (η 2 (j))}, (12)
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Fig. 1: Performance of πSM (L, γ) for Gaussian distribution with unknown means and unknown variances.
µ1 = 0, σ12 = 2, µ2 = 1, σ22 = 10, K = 8 , gmax = 1 and D∗ = 0.1653.
Proposition 6. (Achievability) Consider policy πSM (L, γ).
Let ψ = (i, η 1 , η 2 ) be the true configuration. Then,
lim sup
L→∞

1
τ (πSM (L, γ))
≤ ∗
a.s.,
log (L)
D (i, η 1 , η 2 )

E[τ (πSM (L, γ)) |ψ]
1
≤ ∗
,
log (L)
D (i, η 1 , η 2 )
and, furthermore,
lim sup

6. SIMULATION RESULTS
Fig.1 shows (a) the empirical average delay versus log(L) for
different values of γ, (b) the empirical average total cost (delay+switching costs) versus log(L) for different values of γ
and (c) the ratio of empirical average total cost to log(L)
versus γ averaged over 500 independent runs for the vector parameter Gaussian (both mean, variance unknown). The
switching parameter in (a) and (b) is varied from 0.1, which
corresponds to the sluggish implementation, to 1 when the
policy switches according as per sampling strategy at each
stage. As expected, we can observe that, in both (a) and
(b), the slopes for policy match the slope of the lower bound,
thereby validating the asymptotic optimality of the policy. In
(c), as log(L) → ∞, the ratio of empirical average total cost
to log(L) approaches the lower bound.
Also observe that in (a) for smaller values of γ, the average delay in arriving at a decision increases (due to low exploration) whereas, in (b) as γ decreases, the total cost decreases
due to reduced switching (γ around 0.4 to 0.5 seems to be
the best choice in this case). But, as γ ↓ 0, policy becomes
sluggish and requires more number of samples in making a
decision, thereby resulting in an increased total cost as seen
in (b). More simulation results for other distributions from the
vector exponential family can be found in [6, Section VII].

(15)
(16)

L→∞

lim sup
L→∞

E[C (πSM (L, γ)) |ψ]
1 + gmax γ
≤ ∗
.
log (L)
D (i, η 1 , η 2 )

(17)

With these ingredients, we next state the main achievability result.
Theorem 7. Consider
 K arms with configuration ψ =
(i, η 1 , η 2 ). Let α(n) n≥1 be a sequence of tolerances such
that lim α(n) = 0. Then, for each n, the policy πSM (Ln , γ)
n→∞

with Ln = 1/α(n) belongs to Π α(n) . Furthermore,
lim inf

inf

n→∞ π∈Π(α(n) )

=

lim lim

γ↓0 n→∞

E[C (π) |ψ]
log (Ln )

(18)

E[C (πSM (Ln , γ)) |ψ]
1
.
= ∗
log (Ln )
D (i, η 1 , η 2 )

Here, we discuss the proofs briefly. We first show that under the true configuration, the test statistic has a positive drift
and therefore crosses the threshold log((K − 1)L) in finite
time almost surely, thereby proving the result in Proposition
4. To prove admissibility in Proposition 5, we use elementary
change of measure properties and the result that the policy
stops and makes the decision when the statistic crosses the
threshold. The use of the modified GLR statistic as opposed
to the conventional GLR statistic simplifies this proof. For
Proposition 6, we show that the positive drift of the statistic
under the true configuration is equal to D∗ (i, η 1 , η 2 ). This
relies on the convergence of the estimated parameters and the
estimated anomalous arm location to the true values, something that is also proven along the way. The proof of Theorem
7 then follows from Propositions 1, 5 and 6.

7. CONCLUSION
We considered the problem of detecting an anomalous arm
when the distributions are from a general vector exponential
family. The parameters of the distributions are unknown. A
sequential policy based on the modified GLR statistic was
proposed. We showed that the proposed policy, which incorporates learning, is asymptotically optimal in terms of the
total cost among all policies that satisfy a upper bound constraint on the probability of false detection.
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