Event-triggered stabilization of linear systems under channel blackouts
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Abstract—This paper addresses the problem of event-
triggered control of linear time-invariant systems over time-
varying rate limited communication channels. We explicitly
account for the possibility of channel blackouts, i.e., intervals
of time when the communication channel is unavailable for
feedback. Assuming prior knowledge of the channel evolution,
we study the data capacity, which is the maximum total
number of bits that could be communicated over a given time
interval, and provide an efficient real-time algorithm to lower
bound it for a deterministic time-slotted model of channel
evolution. Equipped with this algorithm we then propose an
event-triggering scheme that guarantees Zeno-free, exponential
stabilization at a desired convergence rate even in the presence
of intermittent channel blackouts.

I. INTRODUCTION

Control under communication constraints is of great the-
oretical and practical importance and has motivated a vast
amount of research. This paper is a contribution to the
growing body of results that employ either information-
theoretic or opportunistic triggered control to address the
problem of stabilization under constrained resources. We
seek to combine both approaches to deal with the control of
linear time-invariant systems under time-varying channels,
including for the possibility of blackouts, i.e., intervals of
time during which the channel is completely unavailable.

Literature review: The literature on information-theoretic
control focuses on identifying necessary and sufficient con-
ditions on the bit rates that guarantee stabilization under var-
ious assumptions on the (often stochastically modeled) com-
munication channels. Comprehensive overviews of this liter-
ature on may be found in [1], [2]. Early data rate results [3]-
[5] provided tight necessary and sufficient conditions on the
data rate of the encoded feedback for asymptotic stabilization
in the discrete-time setting. Since then, the problem has
been studied under increasingly complex assumptions on the
channels, see e.g., [6]-[8]. In the continuous-time setting,
the problem has been studied under either periodic sampling
or aperiodic sampling with known upper and lower bounds
on the sampling period for single input systems in [9],
[10], nonlinear feedforward systems in [11], and switched
linear systems in [12], which also analyzes the incident
convergence rate. In general, this literature has not explored
the potential advantages of tuning the sampling period in
the periodic case or if state-based aperiodic sampling can
provide any gains in efficiency and performance. In this
context, [13] explores the stabilization problem under a
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state based aperiodic transmission policy, with the inter-
transmission intervals being integral multiples of a fixed step
size. On the other hand, the event-triggered approach, see
e.g. [14]-[16] and references therein, exploits the tolerance to
measurement errors to design goal-driven opportunistic state-
based aperiodic sampling. The literature in this area mainly
focuses on minimizing the number of transmissions while
largely ignoring quantization, data capacity and other impor-
tant aspects of communication. Some of the few exceptions
include [17], [18], which utilize static logarithmic quantiza-
tion and [19]-[21] (see also references therein) which use
dynamic quantization. All these works guarantee a positive
lower bound on the inter-transmission times, while [19]-[21]
also provide a uniform bound on the communication bit rate
(i.e., the number of bits per transmission). However, these
references do not address the inverse problem of trigger-
ing and quantization given a limit on the communication
bit rate. Moreover, the channel is assumed to always be
available to the control system and hence event-triggered
designs typically do not take into account the possibility of
channel blackouts. An important exception to this statement
is [22], which uses the deadlines generated by a self-triggered
controller to perform a kind of instantaneous or short-term
scheduling. However, if the communication latency is time-
varying either because of a time-varying channel or because
of time-varying packet sizes, which is important in finite
precision feedback control, it is difficult to guarantee long-
term future schedulability and system performance. Our
recent work [23] combines the information-theoretic and
event-triggered control approaches to address the problem
of event-triggered stabilization of continuous-time linear
time-invariant systems under bounded bit rates. The event-
triggered formulation allows us to guarantee, in the absence
of channel blackouts, a specified rate of convergence in the
presence of non-instantaneous communication and possibly
time-varying communication rate.

Statement of contributions: We continue in the spirit
of [23] to address the stabilization problem for linear time-
invariant systems over time-varying rate-limited communi-
cation channels that may be subject to sporadic blackouts.
Our notion of scheduled channel blackouts and stabilization
despite their occurrence is a key contribution in the context
of event-triggered control. For effective control despite the
occurrence of blackouts, we define and use the concept of
data capacity, i.e., the maximum number of bits that may be
communicated over possibly multiple transmissions during
an arbitrary time interval under complete knowledge of the
channel evolution. This constitutes our first contribution. The
computation of data capacity for general time-varying chan-
nels is challenging. Our second contribution is the design



of an algorithm, for the class of piecewise constant channel
functions, to lower bound in real time the data capacity over
an arbitrary time interval. Our third and final contribution
is the synthesis of event-triggered control schemes that,
using prior knowledge of the channel information and the
available data capacity, plan the transmissions to guarantee
the exponential stabilization of the system at a desired
convergence rate, even in the presence of channel blackouts.

Notation: We let R, R>q, Z~q, and Z3( denote the set
of real, nonnegative real, positive integer, and nonnegative
integer numbers, respectively. We let |S| denote the car-
dinality of the set S. We denote by |.||2 and ||.|« the
Euclidean and infinity norm of a vector, respectively, or the
corresponding induced norm of a matrix. For a symmetric
matrix A € R™*", we let A\,;,,(A4) and Apr(A) denote its
smallest and largest eigenvalues, respectively. For any matrix
norm ||, note that ||eA7|| < el 4I7. For a number a € R, we
let [a], £ max{0,a}. For a function f : R — R" and any
t € R, welet f(t7) and f(t1) denote the limit from the left,
11%1 f(s) and the limit from the right, 1i£1t1 f(s), respectively.
S S

II. PROBLEM STATEMENT

We start with the description of the system dynamics,
then describe the model for the communication channel, and
finally state the control objective.

A. System description

We consider a linear time-invariant control system,
z(t) = Az(t) + Bu(t), (1)

where x € R" denotes the state of the plant and v € R™
the control input, while A € R"*™ and B € R"™*™ are
the system matrices. Our starting point is the existence of
a continuous-time feedback stabilizer of the plant dynam-
ics (1). Formally, we select a control gain matrix & € R™*"
such that the matrix A = A + BK is Hurwitz. Under this
assumption, the continuous-time feedback u(t) = Kux(t)
renders the origin of (1) globally exponentially stable.

The plant is equipped with a sensor (the encoder) and an
actuator (the decoder) that are not co-located. The sensor
can measure the state exactly and the actuator can exert
the input to the plant with infinite precision. However, the
sensor may transmit state information to the controller at the
actuator only at discrete time instants of its choice, using
a finite number of bits. We let {t;}recz., C R>o be the
sequence of transmission times at which the sensor transmits
an encoded packet of data, {ry}rez., C R>o the sequence
of reception times at which the decoder receives a complete
packet of data, and {7x}rez., C Rx>o the sequence of
update times at which the decoder updates the controller
state. At a transmission time t;, the sensor sends b; bits,
which encode the plant state. Due to causality, 7, > 7, > g,
and we denote by

A A A~
Ap =1 =ty Ap =7 —tg,

the kM communication time and k™ time-to-update, respec-
tively. The distinction between the reception times and the
update times is a generalization with respect to our previous

work [23] and provides greater flexibility in the presence of
time-varying channels.

B. Communication channel

Our model for communication channel is fully determined
by the map R : R>g — R>o, where R, = nR is the
minimum instantaneous communication-rate at a given time,
and the map p : R>g — Z>q, where b = np is the maximum
packet size that can be successfully transmitted at a given
time. We assume the k™ communication time and the k%
time-to-update satisfy

A > A >0, (2a)

Dk b
Ay < Aty pk)éizi
’ R(ty)  Ra(tx)’
where the first condition is that of causal communication and
the second is an upper bound on the communication time.
Note that the actual instantaneous communication rate at ¢,
is by /Ay and we can rewrite (2b) as

(2b)

bk _ npw "Pk__ _ R.(1)
Ay Ap T A(tg,pr) “er

to realize that R,(t) is a lower bound on the number of
bits communicated per unit time of all the bits transmitted at
time ¢. Thus, for example, if R, (t) = oo, then the packet sent
at t is received instantaneously. The packet size b, = npy
that can be successfully transmitted starting at t; is upper
bounded as

pr < P(t),  pr € Zxo (3a)

for all k € Z>g. We refer to an interval of time during
which p = b = 0 as a (channel) blackout. We assume that
the encoder knows the functions ¢ — R(t¢) and ¢t — p(t) a
priori or sufficiently in advance.

Since the channel has bounded data capacity and in order
to maintain synchronization between the encoder and the
decoder, we require that the encoder does not transmit a
packet before a previous packet is received by the decoder
and the controller updated, i.e.,

tht1 > Tk, (3b)

for all k € Z>o. We say the channel is busy at time t if
t € [tg,rr), for some k € Z-q. Finally, we refer to the
sequences of transmission times {¢;} C R>(, packet sizes
{br} C Z>p, and update times {7} C R>q as feasible if (2)
and (3) are satisfied for every k € Z~y.

C. Encoding and decoding

We use dynamic quantization for finite-bit transmissions
from the encoder to the decoder and focus exclusively on
its zoom-in stage, during which the encoded feedback is
used to asymptotically stabilize the system. We assume both
the encoder and the decoder have perfect knowledge of
the plant system matrices, have synchronized clocks, and
synchronously update their states at update times {74 }rez. -
For simplicity, we assume that at transmission ¢ the sensor
(encoder) encodes each dimension of the plant state using py,
bits so that the total number of bits transmitted is by = npy.



The state of the encoder/decoder is composed of the
controller state £ € R™ and an upper bound d. € R>¢ on
|ze||oo> Where x. = z — 3 is the encoding error. Thus, the
actual input to the plant is given by u(¢t) = KZ(¢). During
inter-update times, the state of the controller evolves as

i(t) = AZ(t) + Bu(t) = Ai(t), t€ [, Toe1). (4a)

Let the encoding and decoding functions at the k" iteration
be represented by grp i : R” x R" — Gy and gpy :
G x R™ — R", respectively, where Gy, is a finite set of
2bk symbols. At t;, the encoder encodes the plant state as
zpxk = qer(z(ty), 2(t);)), where #(t;) is the controller
state just prior to the encoding time ¢, and sends it to the
controller. The decoder can decode this signal as zp j £
qp.x(2B,k, (L)) at any time during [ry, 7;]. At the update
time 7, the sensor and the controller also update & using

i(e) = e Bra(ty) + M (zp. — i(ty)
£ Qk(x(tk)vi'(t];)% (4b)
where g, : R™ x R™ +— R” represents the quantization that
occurs as a result of the finite-bit coding. We allow the
quantization domain, the number of bits and the resulting
quantizer, g, for each transmission k € Z~ to be variable.

The evolution of the plant state  and the encoding error .
on the time interval [y, 7x41) can be written as

#(t) = Ax(t) — BKx.(t),
Te(t) = Axc(t).

(5a)
(5b)
While the encoder knows the encoding error x. precisely,

the decoder can only compute a bound d(t) on ||ze(t)]co
as follows

de(t) 2 [|e )| Oy, t € [FhyThtr), k € Zso  (60)

(6b)

Opy1 = de(thsr)-

IPk+1
One can design a pair of algorithms for the encoder and the
decoder to implement (4b) in a manner that they maintain
consistent Z(t) and d.(t) signals for t > ty (see [23] for
example). For brevity, we do not present these algorithms
here and it suffices to say that ||z.(t)||cc < de(t) for all
t > to if ||xe(to)]oo < de(to)-

D. Control objective

We measure the performance of the closed-loop system
through a Lyapunov function. Given an arbitrary symmetric
positive definite matrix Q € R™*", let P be the unique
symmetric positive definite matrix satisfying PA + AT P =
—Q. Define z — V(x) = 2T Pz and let

Va(t) = Va(to)e 7710, (7)
with $ > 0, be the desired control performance. We assume
A Am(Q)
= —af >0, )]
Am(P) ’

with a¢ > 1 an arbitrary constant. Assumption (8) is sufficient
to guarantee a convergence rate faster than S for the dy-
namics (1) under the continuous-time, unquantized feedback
u(t) = Kx(t).

Our objective is to design an event-triggered commu-
nication and control strategy that ensures the exponential
stability of the origin. Formally, we seek to synthesize an
event-triggered control strategy that recursively determines
the sequences of transmission times {¢j}xecz., and update
times {7y }recz.,, along with a coding scheme for messages
and a rule to determine the number of bits {by}rez., to be
transmitted, so that V(z(t)) < Vy(t), for all ¢ > .

III. TRIGGER FUNCTIONS

To achieve the control objective of Section II-D with
opportunistic transmissions, we need a performance-trigger
function that tells us how close the system state is to
violating the convergence requirement. Bounded precision
quantization further requires us to keep track (through a
channel-trigger function) of the number of bits required at
any moment to guarantee performance at least for a certain
period of time. Threshold crossings of these two functions
form the primary basis of our event-triggering mechanism.

A. Performance-trigger function

The performance-trigger function is the ratio between the
Lyapunov function V' and the desired performance Vj,

hpe() 2 Véj((f))).

Note that the control objective is to maintain hp¢(t) < 1 at all
times. This is why, in general, it is of interest to characterize
the open-loop evolution of the performance-trigger function.
The next result provides an upper bound on the value of /¢
in the future as a function of the information available now.

Lemma 3.1: (Upper bound on open-loop evolution of
performance-trigger function [23]). Given t;, € Rs¢ such
that hpf(tk-) <1, then

hpt (T 4 tr) < hpt (7, hpe (), €(tx)),

for 7 > 0, where

€))

de(t) J1(7, ho, €0)
€(t) & —=—=—,  hpe(T, ho,€) & —1 "2 (10)
( ) ¢ Vd(t) Pf( 0 0) fQ(T)
We
Fi(7,ho, €0) = ho + — +O,L(e(w+”)7 —1), fo(r) 2 e,
W/Am(P) Am(Q) B
£ S ~B>0, pu2||All2+ =
= S mIPBR] M ey P e Al
This result motivates the definition of the function
_ dh.r
Ty (ho, €0) 2 min{r > 0 : hy(7, ho, €0) = 1, dpf >0},
T

as a lower bound on the time it takes hps to evolve to 1
starting from hpe(ty) = ho with €(tx) = €.
B. Channel-trigger function

We define, for hg € [0, 1] and a design parameter 7' > 0,
o (w4 (1= ho)

W (e(w+mT — 1)
and the channel-trigger function as

€(t)
pr(hpe (1))

pr(ho) +1, 1D

hen(t) £ (12)



The channel-trigger function h., depends on the bound on
the encoding error d. through e. Note that the channel-
trigger function h¢, through its dependence on d., which
evolves as (6), also jumps at the update times 7. In turn,
for any time sg > to, if han(so) < 1, then hpe(t) < 1
for at least t € [sg, S0 + min{7,T'1(1,1)}) even without
any transmissions or receptions. Thus, assuming that the
communication delays are smaller than min{7,T';(1,1)}, a
transmission strategy is to ensure that, for each k, hep, (7r) <
1 so that 'y (hpe(7x), €(Fx)) > min{T,T'1(1,1)}. Thus, we
now require an upper bound on the open-loop evolution of
hen, which is provided in the following result.

Lemma 3.2: (Upper bound on the channel-trigger func-
tion at the update times 7). If t, € Rsg is such that
hpe(ti) € [0,1], then

hen(7r) < hen(Fr — ti, hpt(te), €(tk), Di), (13)
where by, = npy, bits are transmitted at ¢; and
A B
— T 0 5T 1
hch(Tah07607p) = He H € “ (14)

pr(hot (T, ho, €9)) 2P

Note that for ¢,t + 7 € [Fi, txy1), for any k € Z>o, we
have hen(t + 7) < hen(T, hpt(t), €(t),0). Now, analogous
to 'y, we define

FZ(b()?EOap) £ miH{T > 0: }_LCh(T7 b07€05p) = 1}7 (15)

which essentially is an upper bound on the communication
delay 7 — ti, for which we can still guarantee he, (7%) < 1.
Given the interpretation of I's, one of the conditions in our
event-triggering rule would be to check if I'y is less than a
maximum communication delay.

Lemma 3.3: (Lower bound on T3). If €9 € [0, pr(ho)]
then T's(ho, €9, p) > T*(p) with

T*(p) = min{r > 0: g(1,p) = 1},

N ||eATHOO€§T elw+mT _ 1
- 2p Cewtm)T _ g(wtp)T

g(7,p)

IV. CHARACTERIZATION OF THE DATA CAPACITY

Our study of data capacity here is motivated by the need
of the encoder to know how much data can be transmitted
successfully before a channel blackout.

A. Data capacity

We denote the data capacity during the time interval
[11,72] by D(71,72) and define it as the maximum data
that can be communicated, bits that are transmitted and
also received, during the time interval under all possible
communication delays, i.e.,

A
D(n,72) & max n > (16)

st (3) holds K=k

=k,

where k. = min{k : ¢ > 7} and k,;, = max{k :
th + Ap < To}. Note that a greedy approach does not
necessarily maximize the communicated data. In general, the
precise computation of D(7y, 72) involves solving an integer
program with non-convex feasibility constraints. Given the

difficulty of solving this problem, we seek a class of channel
functions R and b that are meaningful and yet simple enough
to efficiently compute a lower bound for the data capacity.
To this end, we make the following observation.

Lemma 4.1: (Data capacity under constant communica-
tion rate). Suppose Vt € [11,72] () R(t) = R > 0 and (ii)
p(t) > 1 (no blackouts). Then, D(71,72) = n|R(12 — 71)].

Motivated by this result, we assume that the channel
function R is piecewise constant so that the problem of
finding a reasonable lower bound on D(7y,73) is tractable
while also ensuring that the overall problem is meaningful.
According to (2b), R is a lower bound on the instantaneous
communication rate and it is reasonable to assume it is
piecewise constant. Also, note that p takes integer values and
hence is piecewise constant. Specifically, we assume that

R(t) = R;, Vte (05,041] (17a)
ﬁ(t) =7y, YVt € (9j79j+1} (17b)

where {Hj};?';o is a strictly increasing sequence of time
instants and 7; € Z>o for each j. We also denote T} =
0;+1 — 0; as the length of the j time slot I; £ (6;,0;11].
Again note that identical {6,} sequences for R and p is not a
restriction because one can always refine the sequence {6, }.
We assume, without loss of generality, that 7, = 6, and
Ty = ij, for some jo,jf S Zzo.

B. Formulation as an allocation problem

Here we show that, for piecewise constant channel func-
tions, we can think of the computation of D(0;,,0;,) as
an allocation problem: that of allocating the number of bits
{n¢;}. with ¢; € Z>o, to be transmitted in the time slots
{I;} for j € N3/ £ {jo,...,js — 1}. For convenience, we
let @77 £ (¢jys- -+, 05, —1). Given ¢!, the sequences {t}
and {py} are determined so that transmissions start at the
earliest possible time in I; and the channel is not idle until
all the allocated bits ¢; are received, i.e., tp11 = T, =1 =
A(ty, pr) during I; and {py} during I; is any sequence that
respects the channel upper bound 7; and adds up to ¢;. Our
forthcoming discussion focuses on expressing the constraints
in the optimization problem in terms of the ¢ variables. In
the sequel, a standing constraint is that ¢; € Z>( for each j,
unless we mention otherwise.

Maximum bits that may be transmitted: According to
Lemma 4.1, in the time slot I;, n|R;T;] bits could be
transmitted and received within |R;T;|/R; < T} units of
time. In addition, n7; more bits could be transmitted during
the closed interval [ |R;T}|,0;,1], though these bits are
received only in subsequent time slots. Thus, for j € ./\/'J?Of

n¢j§{nRj7}+ﬂ7_l'j, if ;>0

18

where in the first case we have used the fact that ¢; € Zx
to avoid the use of the floor function.

Reduced channel availability in a time slot due to prior
transmissions: As noted above, if ¢; > |R;T};], then these
bits take up some of the time in I;;; and possibly even



subsequent slots. Thus, effectively the time available in ;1
and consequently the upper bound on ¢;; is reduced.
Moreover, in general, the number of bits transmitted in I;
has an effect on the number that could be transmitted in all
subsequent intervals either directly or indirectly. Thus, for
each ji,j € ./\/'J?Of , we introduce

‘ i1
T, 5(050) = (@"Z(%_Ti)) =051 =05 ZZ'
i=j1 i=j1

As we shall see in the next result, these functions determine
the available time in slot I; given (;S;g .

Lemma 4.2: (Available time in slot I;). Let T; (d)%) be the
time available in the slot I; given the allocation qﬁj-g . Then,

Ty(e) = | min {T;,,0}). 13}

EN

As a consequence of Lemma 4.2, for each j € /\/jof and
J1 € Z>oN[jo,j — 1], consider the constraints

nRiTy, (&) +niy, if Ty, ;(¢7) > 0
0 otherwise

neg; < (19a)
which we obtain using the same reasoning as in (18) with
T; replaced by T}, j(gf)]f) Note that if T}, j(d);g) > Tj, then
the constraint (19a) is weaker than (18) and hence inactive.
For T}, J(gb% ) € (0,T}), the constraint reflects the reduced

available time in the time slot I; and if 7}, ](qﬁjg ) <0
for some j1 € Zx¢N[jo,j — 1], then it corresponds to the
case when the channel is busy for the whole time slot I;
(T;(¢37) = 0). Thus (19a) reflects the effect of reduced
available time during the slot I; due to prior transmissions.

Counting only the bits transmitted and received during
[05,,05,]: Finally, since in the computation of D(0;,,0;,),
we are 1nterested in the maximum number of bits that can
be communicated (transmitted and received), we require that
any bits transmitted during the slot I; are received before

0;,. i.e., for each j € J\/Jjof and j1 € Z>o N[jo, ]

d’] < Ty, i ((b%) +0j; —0j41, if TJ1,1< jo) >0
R; 0, otherwise.
(19b)
Then, the data capacity is given as
Js—1
D(0;,,05,) = ax  ny ¢ (20
@j €Z>0’VJ€N J=jo

s.. (18), (19) hold
Ignoring the fact that this is an integer program, the con-
straints (19) still make the problem combinatorial.
C. Efficient approximation of data capacity

The following result is the basis for the construction of a
sub-optimal and efficient solution to the problem (20).

Lemma 4.3: (Bound on “channel variation”). If there
exists J € Zx>q such that

i=j+14+J )
. < Z T, Vj e'/\/‘]qof’

_]J,-l

21

then, for any j € ./\/'J]Of , any bits transmitted in time slot I;
would be received strictly before the end of the slot I 14 ;.

Lemma 4.3 relates the three sequences of parameters,
{R;}, {7;} and {T}}, that define the channel state at any
given time. The parameter .J may be interpreted as a uniform
upper bound on the number of consecutive time slots that
may be fully occupied due to a prior transmission.

1) Guaranteed channel availability in each time slot: We
address here the case of J = 0, which is of special interest.

Lemma 4.4: (Data capacity in the case of J = 0).
Suppose the channel is such that J = 0 for all j € ./\/'jof .
Then, the constraints (19a) reduce to

né; + nR; Z 7 < nR;j(0j41 — 0;,) +n7w;,  (22a)

1=J1

for each j € ./\/]f and j1 € Z>oN[jo,j — 1] while the
constraints (19b) reduce to

&
R,

Jjr—1

<0;, —0j, (22b)

1=J1

for each j1 € Z>oN[jo,j; — 1]. The data capacity is

Jr—1
D(05,,0;,) = ax  my 4. (23
@j €Z>0’VJ €N J=jo

st (18), (22) hold

Note that for J = 0 all the constraints, (18) and (22) are
linear, though ¢; are still restricted to be integers. This brings
us to the next result.

Proposition 4.5: (A sub-optimal solution and quantifica-
tion of sub-optimality in the case of J = 0). Suppose the
channel is such that J = O for all j € J = {jo,...,js}
Let D, (9]0,9 ) & n ] Lio d)N where ¢V £ [¢7] £
(&G, ), L ]f_lj),

Js—1
argmax Z ?;.

¢;ER>Q, V]GNOf j=Jjo
5.t (18), (22) hold

¢ =

Then ¢>N is a sub-optimal solution to (23), ie.,
Dy(05,,05,) < D(0j,,0;,) and
(97079 ) - S(Hjoaejf)

<nl{j € Z>oN[jo,jf-1] : 7; > 0}].
2) No guaranteed channel availability: 1If J > 0, we forgo

optimality in favor of an easily computable lower bound of
the data capacity. With a slight abuse of notation, we let

N
¢; = [Rj(0j+1 —0;)],
which is the number of bits that can be communicated (trans-
mitted and received) during the time slot I; = [0;,0,41).
Hence, {QS;V }jGZzo is a feasible solution and, again with an
abuse of notation, we denote

J € Zxo,

Jr—1

]oa ]f _nz¢j7

Jj=jo
which is a sub-optimal lower bound of the data capacity.



D. Computing data capacity in real time

As mentioned earlier, we want the encoder to compute a
lower bound for the data capacity up to the end of the next
blackout period. However, the computation of D, (7, 72)
in the case of J = 0 involves solving a linear program
and hence may not be suitable for real-time computation.
Thus, given D(0;,,0;,) (or Ds(0;,,0;,)), we propose a
simpler procedure to compute a lower bound on D(t, 6;, ) (or
Dy(t,0;,)) forany t € [0;,,0;,11). We present the procedure
in the following result.

Proposition 4.6: (Real-time computation of data capac-
ity). Let ¢* (or ¢™V) be any optimizing solution to D(6,,6;,)
(or Ds(ejo, ij)). Let

~ jf_l
D(t.6;,) £ [n6}, — Rio(t = 050)]], +n >_ 6}
Jj=jo+1
~ jf_l
Da(t,0;,) = [n|éfy = Rjo(t = 030)]], +n D of,
J=jo+1

for any ¢ € [0;,,0;,+1). Then, 0 < D(t,0;,) f@(t,ejf) <n
and 0 < Dy(t,0;,) — Ds(t,0;,) < n.

Proposition 4.6 provides a method to reuse a previously
computed solution to find a tight sub-optimal solution to the
data capacity problem in real-time.

V. EVENT-TRIGGERED STABILIZATION

In this section, we address the problem of event-triggered
control under a time-varying channel. Section V-A address
the case with no channel blackouts. Section V-B builds on
this design and analysis to deal with channel blackouts.

A. Control in the absence of channel blackouts

In the case of no channel blackouts, the encoder may
choose to transmit at any time and, in addition, we assume
the channel rate R is sufficiently high at all times so that there
is no need to resort to the computation of data capacity. For
this reason, we are able to consider arbitrary (not necessarily
piecewise constant) functions ¢ — R(t). For p € Z>, let

T (p) = omin{Ty(1,1),T,T*(p)}, (24)

where o € (0,1) is a design parameter, T" is the parameter
chosen in (11) and T is as defined in Lemma 3.3. As we
show in the sequel, if Th;(p) is an upper bound on the
communication delay when b = np bits are transmitted,
then it is sufficient to design an event-triggering rule that
guarantees the control objective is met.

In the presence of communication delays, we need to make
sure that (i) the control objective is not violated between a
transmission and the resulting control update and (ii) at the
control update times, the encoding error is sufficiently small
to ensure future performance. To this end, we define

L1(t) = Bpf (T (p(1)), hpf(t)v €(t)),
L(t) 2 hen (Tar(p(t)), hot (1), €(1), B(1)))

to take care of each of these requirements. If up to b =
np bits are transmitted at time ¢, then £;(¢) provides an

(25a)
(25b)

upper bound on the performance-trigger function hp at the
reception time which would be less than ¢ + T (p(t)),
while £5(t) provides an upper bound on the channel-trigger
function hgy, if the control is updated as soon as the packet
is received.

Theorem 5.1: (Event-triggered control in the absence of
blackouts). Suppose t +— p(t) is piecewise constant, as
in (17b), with a uniform lower bound 1 (i.e., no blackouts)
and a uniform upper bound p™®*. Assume that

p _

R(t) > T @)’ Vpe{l,...,p(t)}, Vt.
Consider the system (1) under the feedback law v = Kz,
with ¢ — Z(t) evolving according to (4) and the sequence
{tk}rez., determined recursively by

(26)

thor =min{t > 7 : L1(t) >1 vV Li(tT)>1V

Lo(t)>1 v LytT) =1} (27)

Let {rx}rezs, and {7y }rez., be given as 7o = 19 = 1o
and 7y, = r, < tx + Ay for k € Z~ . Assume the encoding
scheme is such that (6) is satisfied for all ¢ > t. Also assume
that £1(t9) <1, L2(to) <1 and that (8) holds. Let p; be

plémin{p € Zso : hen ( ,hpf(tk),E(tk),p> <1}

_p
R(ty)
Then, the following hold:
(1) p1 < p(t1). Further for each k € Zso, if pr €
Z0 N[pw, p(tk)], then pri1 < ptetr).

(ii) the inter-transmission times {tx11 —tx }rez., and inter-
update times {71 — 7% }rez., have a uniform positive
lower bound,

(iii) the origin is exponentially stable for the closed-loop
system, with V (2(t)) < Va(to)e Pt for t > to.

The interpretation of the three claims of the result is
as follows. Claim (i) essentially states that if the number
of bits transmitted in the past is according to the given
recommendation, then in the future, the sufficient number
of bits by = npy to guarantee continued performance will
respect the time-varying channel constraints. Claim (ii) is
sufficient to guarantee non-Zeno behavior and claim (iii)
states that indeed the control objective is met.

B. Control in the presence of channel blackouts

Here, we address the scenario of channel blackouts build-
ing on our developments in Section V-A. The main difficulty
comes from the fact that in the presence of blackouts, the
channel might be completely unavailable. Thus, the event-
triggering condition not only needs to be based on the
functions £; and L, in (25), but also on the available data
capacity up to the next blackout.

Throughout the section, we assume both R and p are
piecewise constant functions, as in (17) and, without loss
of generality, that time slots with p = 0 are not consecutive.
We let By = (0,,0;,+1] denote the k™ blackout slot, with

Ik

k € Z~g. Also, for any t > t;, we let
7(t) £ min{s >t : p(s) = 0},
7.(t) £ min{s > 7(t) : p(s) > 0},



give, respectively, the beginning and the end times of the
next channel blackout slot from the current time ¢. When
there is no confusion, we simply use 7; and 7, dropping the
argument ¢. Hence, for ¢t € [tg,0;,), we have 7,(t) = 6,
and 7,(t) = 6;,4+1. Similarly, for any k¥ € Z>( and ¢ €
(05,05, ], we have 7(t) = 0, ,, and 7,(t) = 0, ,+1. At
time ¢, the length of the next channel blackout slot, T} (t) =
7u(t) — 7(t), determines a sufficient upper bound on the
encoding error d.(7;), or equivalently €(7;), for non-violation
of the control objective during the blackout or immediately
subsequent to it. We quantify it next.

Lemma 5.2: (Upper bound on required € before blackout).
For t € [tg, c0), suppose

A ] ewa(t) — 1) (w 1
e(m(t)) < e-(t) £ min { (W(e(w+H)TZ(<t) j‘lﬂ)) } ’

’ eﬁTb(t)
(28)
where fi £ ||Alloo + B I hpe(mi(t)) < 1, then hpe(s) <1
for all s € [7(t), u( )] and hen(74(t)) < 1 (in particular
e(1u(t)) < D).

The ability to ensure that e(7;) is sufficiently small is
determined by the data capacity D(¢,7;). To have a real-
time implementation, we make use of the sub-optimal lower
bound D,(t,7;) instead. However, notice that maximizing
the data throughput and satisfying the primary control goal
of exponential convergence at a desired rate may not be
compatible in general. Thus, to still be able to use the
intuition and the building blocks from Section V-A, we need
to impose a time-varying artificial bound on the allowed
packet size in place of p(t) that prevents the system from
affecting the data capacity until the next blackout. To this
end, we store in the variable P; the value of ¢%, where ¢V
is as defined in Section IV-C for Ds(8;,7(6;)). Define

= 0], . t€(0;,0541].

We notice from Proposition 4.6 that n®™ (t) is the optimal
number of bits to be transmitted during (¢,6;41] to obtain
the sub-optimal data capacity D (¢, 7;(t)). Note that some of
n®™ (t) bits may be received after 6;1. Now, we let

Y7 (t) = min{p(t), @7 (t)}

be the artificial bound on the packet size for transmissions.
Notice that ®™ (¢) may at times be zero, even when p(¢) > 0,
which means letting ¢™ (¢) be the bound on packet size may
itself introduce artificial blackouts. However, we can state
how long artificial blackouts may be, as the next result shows.

Lemma 5.3: (Upper bound on the length of artificial
blackouts). Let B; = {t € I; = (0;,0,41] : ¥ (t) = 0}.
Then, for each j € Zx, Bj is an interval and if 7; > 0,
then the length of B; is less than 2/R; = 2/R(6;11).

OT(t) = [P — Ry(t 29)

(30)

With this in place, we define functions analogous to £
and Lo to, respectively, monitor the compliance with the
control objective and ensure the encoding error is sufficiently
small at the control update times to ensure future perfor-
mance. In addition, we define one more function to capture

the effect of the data capacity,

L1(t) £ hpt (T(2), hpt (1), €(1)) (la)
La(t) 2 hen (T (2), hpt(2), €(8), 0™ (1)), (31b)

X () A
L3(t,€) = nlogy <e(t)) —01Dy(t,7(t)), (Ble)

where o1 € (0, 1) is a design parameter and

Tu (97 (1), i 7 (t) =
T(t
() = {R(t)’ lfw():

Theorem 5.4: (Event-triggered control in the presence of
blackouts). Suppose t — R(t) and t — p(t) are piecewise
constant functions as in (17). Let {(0},,0;,+1]}kez-, be a
sequence of channel blackout slots. Assume that p(tg) > 0
and that the piecewise constant function p is uniformly upper

bounded by p™?* € Z~(. Also, assume

(p+2)
~ Tu(p)’
Consider the system (1) under the feedback law v = Kz,
with ¢ — Z(¢) evolving according to (4) and the sequence
{tk}kezzo determined recursively by

R(t) > Vp e {1,...,p"}, Vi (32)

th41 = min {t > fc () > 1A
(max{il(t),zl(#),Ez(t),ég(ﬁ)} >1v
max{Ls(t), Ls(tT)} > o) }

where L3(t) £ L3(t,€(t)). Let {7k }kez, be given as 7o =
ro = to and 1y, <t + Ay for k € Z~ . Let the update times
{7x }kezs, be given as 7y = 7o and for k € Zxg

Fo=min{t > g7 (0) 2 1V p(1) = 0).

(33)

(34)

Assume the encoding scheme is such that (6) is satisfied for
all ¢t > to. Further assume that (8) holds and that £ (tp) <
1, La(to) < 1, L3(tg,€e(to)) < 0 and, for each k € Z~,,
assume L3(6j, +1,1) < 0. Let p;, be given by

prE=min{p € Zso : hen (Tar(p), hot (tr), €(tr), p) < 1}.

Then, the following hold:

(i) p1 < " (t1). Further for each k € Zsq, if pr €
Lo O[pk, 7 (tk)], then pri1 < Y7 (1)

(i) the inter-transmission times {t;11 —tx }rez., and inter-
update times {741 — 7% }kez., have a uniform positive
lower bound,

(iii) the origin is exponentially stable for the closed-loop
system, with V (2(t)) < Va(to)e Pt for t > to.

Claim (i) in the result may be interpreted as the satisfaction
of the constraints imposed by the channel. The use of ™
in (33) and (34) also ensures that the data capacity is not
lowered at any time in the future due to past transmissions.
Figure 1 shows an implementation of the design in Theo-
rem 5.4 on the system (1) with

AE (1)] BH K=[6 6.
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Fig. 1. Execution of the design in Theorem 5.4. On each transmission, the maximum possible number of bits are transmitted. The average inter-transmission
interval is 1.84 and the minimum is 0.0017. (a) shows the transmission times, the number of bits transmitted on each transmission and the time-varying
function np (dashed line). The three intervals, (5.77,7.77], (12.86, 14.86] and (18.27,20.27], with p = O are the blackouts. (b) shows the time-varying
function R. (c) shows the evolution of V' and V; and (d) shows the total number of bits transmitted.

VI. CONCLUSIONS

We have addressed the problem of event-triggered control
of linear time-invariant systems under time-varying rate-
limited communication channels. The class of channels we
consider includes intermittent occurrence of channel black-
outs. We have designed an event-triggered control scheme
that, using prior knowledge of the channel, guarantees the
exponential stabilization of the system at a desired con-
vergence rate, even in the presence of intermittent channel
blackouts. Key enablers of our design are the definition and
analysis of the data capacity, which measures the maximum
number of bits that can be communicated over a given time
interval through one or more transmissions. We have also
provided an efficient real-time algorithm to lower bound the
data capacity for a time-slotted model of channel evolution.
Future work will explore the reduction of the conservatism
of the proposed design, scenarios with bounded disturbances,
a stochastic model of channel evolution, and the trade-offs
between the available information pattern at the encoder and
the ability to perform event-triggered control.
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